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CHAPTER 1

Introduction

1.1 Visualisation

Visualisation is a new and exciting topic within the field of computer graphics. It
is the science (or even the “art”) of turning large amounts of data into an image or
a visual representation that provides insight into the structure and properties of the
data.

Visualisation utilises the powerful capabilities of the human visual system. The easiest
way for us to process large amounts of information is through the visual system.
Therefore, it is much easier for us to interpret a weather map than it is to interpret a
table of locations and temperatures. Figure 1.1 on the following page illustrates this
example.

Depending on the type and source of the data, several subfields of visualisation can
be distinguished. Two main subfields are information visualisation and scientific (or
data) visualisation. Information visualisation is the subfield that is mainly concerned
with information from databases, such as tabular and structural data. Scientific
visualisation, on the other hand, is about physical data. This field by itself can also
be subdivided. For example, medical visualisation is about patient data that has
been acquired using MRI and CT scanners, or similar. As another example, flow
visualisation is visualisation of data that results from measurements and simulations

1



2 CHAPTER 1. INTRODUCTION

Weather station Temperature (◦C)
Terschelling 26.1
Den Helder 25.7
Schiphol 23.6
Rotterdam 23.6
Vlissingen 25.2
Leeuwarden 28.7
Eelde 30.2
Twenthe 30.5
Lelystad 20.6
De Bilt 23.4
Eindhoven 22.7
Maastricht 23.6

Figure 1.1: A temperature table and accompanying temperature map for The Neth-
erlands. See also colour Figure C.1. (Source: KNMI)

of fluid flows. Each of these subfields has its own set of typical visualisation algorithms,
which follow from the type of data that is used.

A very nice and well-known example of information visualisation is the map of
Napoleon’s invasion of Russia in 1812, by Charles Minard (Figure 1.2 on the next
page). It shows the size of the French army during the march into Russia (light) and
the retreat (dark). The width of the bars depicts the number of troops. Other types of
information that can be read from this graph include dates, places and temperatures.

Medical visualisation is concerned with transforming the data that has been produced
by MRI or CT scanners into insightful images. These scans often result in stacks of
two-dimensional greyscale images, which can be seen as slices through a human body,
for example. First, these stacks have to be reconstructed to a three-dimensional
volume. Then, visualisation algorithms can be used, for example, to show (the surface
of) bones, or to visualise soft tissue on arbitrary slices (see Figure 1.3 on page 4).

Flow visualisation data originates from either measurements or computer simulations
of flows. You can think of the airflow around a plane, (see Figure 1.4 on page 5,)
the flow of oil through a pipeline, but also the flow of a river. This type of data
often consists of multiple quantities, such as pressure, temperature and velocity, as
opposed to medical data, which normally consists of a single value. Inherent in flows
is that they change over time. Often, the measurements or simulations will be done
on discrete time steps over a period of time, resulting in huge, time-dependent data
sets. So, whereas medical data can be seen as a stack of images, time-dependent flow
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Figure 1.2: Minard’s map of Napoleon’s march against Russia [92].

data can be seen as a “stack” of 3D volumes.

In all cases, the purpose of the visualisation is to present to the user an image (or
a movie in the case of time-dependent data) that the user can interpret more easily
than the raw data. Even the simple example in Figure 1.1 demonstrates this. Imagine
the amount of data that lies underneath Figure 1.4 and how utterly useless a tabular
representation would be in this case.

1.2 Large data handling

One of the main research problems in scientific visualisation today is how to deal
with the enormous amounts of data and information that are available [27]. These
data could be generated, for example, by simulations on supercomputers but also by
acquisition devices such as MRI scanners.

High-resolution time-varying data sets, containing several scalar, vector and/or tensor
fields are very common. In Computational Fluid Dynamics, for example, simulations
can easily produce several gigabytes or even terabytes of data.

Unfortunately, this is not a transitory problem: it will not be solved by waiting
for the new generation of computers. As computing power increases, data set sizes
increase even more. Supercomputers are getting bigger and faster, processor speed
and memory size are continually increasing. Because of this, i.e. because it is possible,
simulations that are done on supercomputers are becoming more and more accurate.
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Figure 1.3: An example of medical visualisation. A surface rendering of bones in the
shoulder, together with a slice showing the soft tissue. (Source: C.P. Botha)

As a result, the average size of data sets is growing faster than the capacities of
(personal) computers.

It is obvious that special techniques are needed to tackle this large data handling
problem. New techniques will have to be developed for handling the data, for storing
the data sets on disk and in memory, for compressing the data, and for visualisation.

We are facing the problem of large data handling in general, and of interactive visu-
alisation of time-varying data in particular.

There are a number of approaches for solving the large data handling problem. In
the following these approaches will be categorised into three classes.

Data reduction

The first class of approaches tries to reduce the amount of data that has to be stored
and processed as much as possible.

Compression is a data reduction approach that can be described as statistics-based
data reduction. Numerous data compression algorithms exist, many originating from
the field of image processing. Compression techniques can be subdivided into lossless
and lossy techniques, depending on whether or not the original data can be recon-
structed perfectly from the compressed data.

Often, a quantisation step is involved to further reduce the amount of data; this will
also inevitably make the compression lossy. Techniques from the field of image pro-
cessing have naturally been developed for compressing 2D images. However, many of
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Figure 1.4: An example of flow visualisation. The flow around a Harrier aircraft,
shown using streamlines. The colour indicates the time since “release”. See also
colour Figure C.2. (Source: aerospaceweb.org)

these techniques can easily be extended to 3D data sets and even 4D (time-dependent)
data sets.

Feature extraction can be described as content-based data reduction. Features are
those objects, structures or phenomena in the data, that are of interest. The definition
of a feature naturally depends on the application and even on the researcher. But with
a good feature definition, feature extraction will reduce the data to that which is of
interest. This can easily give a reduction of a factor 1 000 or more. Features abstract
the data. They can be represented very compactly and described as individual objects.
For time-dependent data sets, feature tracking can be performed to determine the
temporal evolution of each of the features and even distinguish temporal events in
the evolution. This makes feature-based visualisation a very powerful approach to
time-dependent data handling.

Because of the abstraction of the data, feature extraction is an approach that is more
or less orthogonal to the other approaches. The process of extraction and abstraction
will result in the description of objects with attributes such as size or volume. The
purpose of this approach is to reduce the original data to these more informative
objects. The original data will no longer be needed, because the objects are used for
further processing and visualisation.

Special data structures

The second class of approaches focuses on specific data structures to ease the task of
large data handling.
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Fast-access data structures can be used, that are designed to perform certain vi-
sualisation tasks efficiently. For example, special data structures exist for efficient
isosurface extraction or fast volume rendering. Data structures such as these will
normally have to be created in preprocessing. This takes time, but upon using the
data structure, the performance will be significantly better than with the raw data.
The drawback is that most of these data structures have been designed to perform
a specific visualisation task, and will therefore be limited to this task. Combining
different visualisations of the same data set will either be very slow, or require several
special data structures.

Multi-resolution data structures provide another solution to the handling of large data
sets. This approach often involves increasing the total amount of data by storing the
data set at several levels of resolution. Interactive visualisation is possible by using
a low resolution version of the data set, if necessary. When time and memory space
allow it, a higher resolution version of the data can be loaded.

Disk and I/O techniques

The third class of approaches is concerned with managing and optimising the transfer
of data, either from disk to main memory or across a network connection.

Out-of-core or external memory techniques try to overcome the bottleneck that is
the I/O communication between secondary and main memory. This can be done by
minimising the amount of data that has to be transferred and optimising the coherence
of disk access. I/O-optimised and cache-friendly data structures are required for this.

A large amount of work has been done on external memory algorithms. For an
overview of out-of-core algorithms for computer graphics and visualisation, we refer
to the survey by Silva et al. [82].

Streaming is a technique where data is transferred (possibly across a network) in a
stream of packets which are interpreted as they arrive. Streaming is a well-known
and commonly used technique on the Internet to transmit multimedia files. Streaming
audio and video can be played back as it is being downloaded. Broadcast radio and
television signals are probably the most familiar examples of (inherently) streaming
data.

However, for visualisation applications, streaming of 3D or 4D data sets is required.
Algorithms have to be adapted to work with one-dimensional data streams. Not
much work has been presented in this area. Only, more generally, in the area of
computer graphics applications, work has been done on streaming of 3D scenes [74],
or streaming of meshes [70, 24].

Slightly related to streaming techniques are techniques that have been designed to
run on the Graphics Processing Unit or GPU. The purpose of these techniques is not
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primarily to solve the large data handling problem, therefore they have not played a
substantial role in this research. However, the techniques could be categorised in this
approach, because they deal with the data transfer from main memory to the graphics
card. As such, some of the GPU-based techniques could be classified as streaming
algorithms.

Due to the rapid development of graphics hardware in recent years, there has been a
huge increase in research on hardware-accelerated or GPU-based algorithms [63, 106,
50]. Existing visualisation algorithms have been adapted and new algorithms have
been designed to work on the programmable graphics hardware. To this end, the
so-called vertex and/or fragment programs are loaded into the GPU and as the data
is streamed to the graphics card, the corresponding programs are run for each vertex
or pixel. For example, Pascucci presented an algorithm for hardware-accelerated
isosurface computation [50], in which the CPU is concerned with streaming tetrahedra
to the graphics card, and the vertex program on the GPU converts each tetrahedron
into a single quad of the isosurface.

1.3 Project

The research described in this thesis is part of a larger research project about multi-
phase flows. These are flows consisting of two or more fluids that do not mix. You
can think of air bubbles or oil droplets in water. Such “bubbly flows” are common
in nature, but also have important applications in industry, for example in chemical
reactors or fuel injectors.

A multi-phase flow is characterised by the sharp boundaries between two fluids, the
so-called phase fronts. Because there is no mixture, the transition from one fluid (or
phase) to another is very sharp and coincides with large jumps in physical quantities
such as density and viscosity.

One of the goals of this research project is to accurately simulate multi-phase flows,
using Computational Fluid Dynamics or CFD. This involves solving the governing
laws of fluid dynamics numerically. These laws are described by a set of partial
differential equations, known as the Navier-Stokes equations. To solve these equations
on a computer, the continuous fluid has to be discretised, for example by discretising
the spatial domain into a mesh or grid.

However, on discretised grids, the sharp transitions within multi-phase flows cannot
be represented very well. Because of the finite grid size, the transitions will be smeared
out over at least the size of one grid cell. Special precautions have to be taken to
minimise this smearing effect, for example by using an implicit or explicit surface
representation of the phase front.
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Other difficulties in the simulation arise from the fact that each of the phases must be
solved separately, and that the phases form each other’s boundary conditions. The
phases influence each other and the (moving) boundary in between.

Part of the goal to accurately simulate multi-phase flows is to develop efficient methods
for the Direct Numerical Simulation (DNS) of these flows.

Another goal of the project is to study the evolution of the phase fronts, i.e. to study
the development of the surfaces over time and to understand how they change and
interact with each other. Imagine the air bubbles rising in water. What will happen
if two bubbles coalesce? How will the surfaces merge?

In order to study the evolving fronts, methods are needed for detecting and extracting
them in the first place, and subsequently for tracking the phase fronts over time.

Besides the physical (simulation) and numerical aspects, a third aspect of the research
in this project is the visualisation. Visualisation of the fluid flow and of the phase
fronts in particular is required to gain insight into both the simulation and the flow
itself. The development of techniques for the interactive visualisation of the evolving
phase front is another one of the research goals.

The focus of my research — the visualisation part of this project — is on these last
two goals: the detection, extraction and tracking of the phase front, combined with
the efficient visualisation of the evolution of the phase front.

The process from flow simulation to visualisation of the phase front can be split into
a number of steps. First, the simulation runs and results in a large “raw” data set
on disk. Then, the surface interface or phase front has to be detected and extracted
from this data set. Finally, the surface can be visualised using more or less specialised
techniques.

Initially, in this research project, the precise methods and algorithms that were to be
used, had not yet been specified. Therefore, we started exploring feature extraction
and tracking techniques, in order to be able to detect and extract the phase front
from the raw data set.

However, after about a year into this project, it became apparent that the numerical
method that was to be used for the simulation already included an implicit surface
representation of the phase front. This surface representation could be stored with
or within the raw data set and could then easily be extracted from the data as an
isosurface. Therefore, we abandoned our research into feature-based techniques at
that time.

Independent of the method that is used, the last step in the process is the visualisation
of the phase front. Assuming that the phase front has either been extracted explicitly
using feature extraction, or has been represented and stored separately during the
simulation, the visualisation of the phase front will be straightforward.
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Therefore, the focus of my research was directed towards efficient techniques for in-
teractive isosurfacing from very large data sets. Two important aspects are involved
here. The first is interactive isosurfacing. We need a technique that can perform iso-
surface extraction from time-dependent data sets, and we need this technique to be
very fast in order to be able to browse interactively through the data set. The second
aspect is that we have to work with huge data sets. These data sets will consist of very
large grids and contain hundreds or even thousands of time steps. The size on disk
will be many gigabytes, or even terabytes. In relation to a personal computer’s main
memory of maybe one or two gigabytes, it is clear that this poses a huge problem for
interactive handling of the data.

At first, the goal of my research was to look into methods for visualisation of iso-
surfaces from very large, time-dependent data sets. After that, and more in general,
the goal of my research became to investigate methods for efficient handling of large,
time-dependent data sets for visualisation purposes. The time dimension is an im-
portant aspect, because on the one hand, this adds another order of magnitude to the
size of the data sets, but on the other hand, in order to investigate time-dependent
data, interactivity is of the essence.

1.4 Overview of this thesis

We have reviewed the state-of-the-art techniques and algorithms in the field of flow
visualisation. The results have been presented on the annual Eurographics conference
in Saarbrücken in 2002 and have been published in two separate articles in Computer
Graphics Forum [56, 34]. Chapter 2 will present our overview of feature-based flow
visualisation techniques. Feature extraction techniques for several important types of
flow features will be discussed, as well as algorithms for feature tracking and event
detection. The Chapter will conclude with a description of feature visualisation tech-
niques.

Chapter 3 will introduce a number of techniques to tackle the problem of very large
data handling, following the classification from Section 1.2. Techniques using (a
combination of) compression, multi-resolution and/or fast-access data structures will
be presented.

In Chapters 4 and 5, one specific fast-access data structure will be discussed, that has
been the main focus of this project. We have developed algorithms for fast isosurfacing
from time-dependent data sets, achieving interactive frame rates for grids up to 2563

data points per time step. We have used specialised data structures to make use
of temporal coherence in the data and to provide fast isosurface cell selection. We
have developed an “incremental” search algorithm fitting these data structures and
likewise making use of the temporal coherence in the data.
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We have combined the fast extraction algorithm with specialised out-of-core tech-
niques. We have developed a time window technique to control the amount of data
that is in memory while still maintaining interactive frame rates in order to support
the handling of very large size data sets on a normal personal computer. This work
has been presented at the Spring Conference on Computer Graphics in Budmerice,
Slovakia in 2004 [96] (Chapter 4), and has been published in Computers & Graphics
in 2006 [97] (Chapter 5).

We have further investigated other techniques that support large data handling for vi-
sualisation, such as multi-resolution techniques, which are not limited to isosurfacing,
but allow for a wider range of visualisation algorithms. In Chapter 6 a multi-resolution
technique will be described, that has been extended for time-dependent data sets and
space-time navigation.

Finally, Chapter 7 will give the conclusions of my thesis and propose directions for
future research.



CHAPTER 2

The state of the art in flow visualisation: feature extraction

and tracking

Frits H. Post, Benjamin Vrolijk, Helwig Hauser, Robert S. Laramee and Helmut
Doleisch

Computer Graphics Forum
vol. 22, no. 4, December 2003, pages 775–792, ISSN 0167-7055.

11



12 CHAPTER 2. THE STATE OF THE ART IN FLOW VISUALISATION

Abstract

Flow visualisation is an attractive topic in data visualisation, offering great challenges
for research. Very large data sets must be processed, consisting of multivariate data
at large numbers of grid points, often arranged in many time steps. Recently, the
steadily increasing performance of computers again has become a driving force for
new advances in flow visualisation, especially in techniques based on texturing, feature
extraction, vector field clustering, and topology extraction.

In this article we present the state of the art in feature-based flow visualisation tech-
niques. We will present numerous feature extraction techniques, categorised according
to the type of feature. Next, feature tracking and event detection algorithms are dis-
cussed, for studying the evolution of features in time-dependent data sets. Finally,
various visualisation techniques are demonstrated.
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2.1 Introduction

Flow visualisation is one of the traditional subfields of data visualisation, covering a
rich variety of applications, ranging from automotive, aerospace, and turbomachin-
ery design, to weather simulation and meteorology, climate modelling, and medical
applications, with many different research and engineering goals and user types. Con-
sequently, the spectrum of flow visualisation techniques is very rich, spanning multiple
dimensions of technical aspects, such as 2D and 3D techniques, and techniques for
steady and time-dependent data.

In this article we present the state of the art in flow visualisation techniques. These
techniques can be categorised into four groups:

• Direct flow visualisation: The data is directly visualised, without much prepro-
cessing, for example by colour-coding or drawing arrows. These techniques are
also called global techniques, as they are usually applied to an entire domain, or
a large part of it.

• Texture-based flow visualisation: Texture-based techniques apply the directional
structure of a flow field to random textures. These are mainly used for visual-
ising flow in two dimensions or on surfaces. The results are comparable to the
experimental techniques like wind tunnel surface oil flows. This group has some
characteristics of the previous and the next approaches.

• Geometric flow visualisation: Geometric objects are first extracted from the
data, and used for visualisation. Examples are streamlines, stream surfaces,
time surfaces, or flow volumes. These geometric objects are directly related
to the data. The results of these techniques can be compared to experimental
results such as dye advection or smoke injection into the flow.

• Feature-based flow visualisation: The last approach lifts the visualisation to a
higher level of abstraction, by extracting physically meaningful patterns from
the data sets. The visualisation shows only those parts that are of interest to
the researcher, the features. Both the definition of what is interesting, and the
way these features are extracted and visualised are dependent on the data set,
the application, and the research problem.

The approaches are not entirely distinct. For example, the second and third ap-
proaches can be combined into dense flow visualisation.

In this article, we survey the last approach, feature-based flow visualisation.

Features are phenomena, structures or objects in a data set, that are of interest for
a certain research or engineering problem. Examples of features in flow data sets
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are shock waves, vortices, boundary layers, recirculation zones, and attachment and
separation lines.

There are a number of factors motivating the feature-based approach to visualisation.
First, by extracting only the interesting parts, and ignoring the rest, we can increase
the information content. Furthermore, by abstracting from the original data, the
researcher is able to focus more on the relevant physical phenomena, which is better
related to his conceptual framework. A large data reduction can be achieved (in
the order of 1000 times), but because the reduction is content-based, no (important)
information is lost. So far, this is one of the few approaches that is truly scalable
to very large time-dependent data sets. Finally, the objects or phenomena extracted
can be simplified and described quantitatively. This makes the visualisation easy,
using simple geometries or parametric icons. Also, quantification facilitates further
research, comparison and time tracking.

The paper is structured as follows: in the next Section, we will discuss some funda-
mentals for flow visualisation, which are necessary for understanding the rest of the
paper. In Section 2.3 an introduction to feature extraction is given, with a categorisa-
tion of the general approaches to feature extraction. In Section 2.4 feature extraction
techniques are discussed, for several different types of features. Section 2.5 discusses
feature tracking and event detection, that is, the study of the evolution of features
in time-dependent data sets. Section 2.6 presents different iconic representations of
features and the visualisation of features and events. Finally, in Section 2.7 some
conclusions and further prospects are presented.

2.2 Flow visualisation fundamentals

For a proper understanding of the rest of the article, it is necessary to discuss a
number of fundamentals for flow visualisation, mainly from vector algebra.

2.2.1 Gradients

In three dimensions, a scalar p has three partial derivatives. The partial derivative
of p with respect to x is ∂p

∂x
. The gradient of a scalar field is the vector of its partial

derivatives:

gradp = ∇p = [
∂p

∂x

∂p

∂y

∂p

∂z
]. (2.1)

The gradient of a vector field v is found by applying the gradient operator to each of
the components [u v w] of the vector field. This results in a 3× 3 matrix, called the
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Jacobian of the vector field, or the matrix of its first derivatives:

∇v =







∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

∂w
∂z






(2.2)

This matrix can be used to compute a number of derived fields, such as the diver-
gence, curl, helicity, acceleration, and curvature. The curl of a velocity field is called
the vorticity. This derived vector field indicates how much the flow locally rotates
and the axis of rotation. These quantities are all used in different feature extraction
techniques, which will be discussed later. The exact definitions can be found else-
where [36, 66]. For the understanding of this article, it is sufficient to know that the
Jacobian, or gradient matrix, is an important quantity in flow visualisation in general
and in feature extraction in particular.

2.2.2 Eigenanalysis

Another indispensable mathematical technique is eigenanalysis. An eigenvalue of a
3×3 matrix M is a (possibly complex) scalar λ which solves the eigenvector equation:
Mx = λx. The corresponding non-zero vector x is called an eigenvector of M . The
eigenvectors and eigenvalues of a Jacobian matrix indicate the direction of tangent
curves of the flow, which are used, for example to determine the vector field topology,
see Section 2.3.2.

2.2.3 Attribute calculation

As a part of the feature extraction process, characteristic attributes of the features
have to be calculated. One conceptually simple and space efficient technique, is the
computation of an ellipsoid fitting. An ellipsoid can give a first-order estimation of
the orientation of an object. The axes can be scaled to give an exact representation
of the size or volume of the object. Furthermore, an ellipsoid is a very simple icon
to visualise. The computation of an ellipsoid fitting involves eigenanalysis of the
covariance matrix of the object’s grid points. For a detailed description, see Haber
and McNabb [18], Silver et al. [85] and De Leeuw [36].

Another technique that can be used for attribute calculation of features is centre

line extraction. As an example, a skeleton, or Medial Axis Transform, reduces an
object to a single centre line, or graph, while preserving the original topology of the
object. Using this graph, an icon can be constructed from cylinders and hemispheres,
to construct an approximation of the original shape of the object [58]. This is a
useful representation, especially when the topology is an important characteristic of
the features.
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2.3 Feature extraction approaches

Feature-based flow visualisation is an approach for visualising the flow data at a
high level of abstraction. The flow data is described by features, which represent
the interesting objects or structures in the data. The original data set is then no
longer needed. Because often, only a small percentage of the data is of interest, and
the features can be described very compactly, an enormous data reduction can be
achieved. This makes it possible to visualise even very large data sets interactively.

The first step in feature-based visualisation is feature extraction. The goal of feature
extraction is determining, quantifying and describing the features in a data set.

A feature can be loosely defined as any object, structure or region that is of relevance
to a particular research problem. In each application, in each data set and for each
researcher, a different feature definition could be used. Common examples in fluid
dynamics are vortices, shock waves, separation and attachment lines, recirculation
zones and boundary layers. In the next Section a number of feature-specific detec-
tion techniques will be discussed. Although most feature detection techniques are
specific for a particular type of feature, in general the techniques can be divided into
three approaches: based on image processing, on topological analysis, and on physical
characteristics.

2.3.1 Image Processing

Image processing techniques were originally developed for analysis of 2D and 3D image
data, usually represented as scalar (greyscale) values on a regular rectangular grid.
The problem of analysing a numerical data set, represented on a grid, is similar to
analysing an image data set. Therefore, basic image processing techniques can be
used for feature extraction from scientific data. A feature may be distinguished by a
typical range of data values, just as different tissue types are segmented from medical
images. Edges or boundaries of objects are found by detecting sharp changes in the
data values, marked by high gradient magnitudes. Thus, basic image segmentation
techniques, such as thresholding, region growing, and edge detection can be used for
feature detection. Also, objects may be quantitatively described using techniques such
as skeletonisation or principal component analysis. However, a problem is, that in
computational fluid dynamics simulations, often grid types are used such as structured
curvilinear grids, or unstructured tetrahedral grids. Many techniques from image
processing cannot be easily adapted for use with such grids. Furthermore, many
digital filtering techniques are defined only for scalar data. Adaptation to vector
fields is not always straightforward.
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2.3.2 Vector Field Topology

A second approach to feature extraction is the topological analysis of 2D linear vector
fields, as introduced by Helman and Hesselink [20, 21], which is based on detection
and classification of critical points.

The critical points of a vector field are those points where the vector magnitude is
zero. The flow in the neighbourhood of critical points is characterised by eigenanalysis
of the velocity gradient tensor, or Jacobian of the vector field. The eigenvalues of the
Jacobian can be used to classify the critical points as attracting or repelling node
or focus, as saddle point, or centre. (See Figure 2.1.) The eigenvectors indicate the
directions in which the flow approaches or leaves the critical point. These directions
can be used to compute tangent curves of the flow near the critical points. Using
this information, a schematic visualisation of the vector field can be generated. (See
Figure 2.7 on page 28.) Helman and Hesselink have also extended their algorithm to
2D time-dependent and to 3D flows.

Repelling  Focus

R1, R2 > 0

I1, I2 <> 0

Attracting  Focus

R1, R2 < 0

I1, I2 <> 0

Centre

R1, R2 = 0

I1, I2 <> 0

Attracting Node

R1, R2 < 0

I1, I2 = 0

Repelling Node

R1, R2 > 0

I1, I2 = 0

Saddle Point

R1 * R2 < 0


I1, I2 = 0

Figure 2.1: Vector field topology: critical points classified by the eigenvalues of the
Jacobian [20].

Tricoche et al. recently presented a topology-based method for visualising time-
dependent 2D vector fields [91]. They perform time tracking of critical points and
closed streamlines by temporal interpolation. They are able to find and characterise
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topological events or structural changes (bifurcations), such as the pairwise annihila-
tion or creation of a saddle point and an attracting or repelling node.

Scheuermann et al. presented an algorithm for visualising nonlinear vector field topol-
ogy [76], because other known algorithms are all based on piecewise linear or bilinear
interpolation, which destroys the topology in case of nonlinear behaviour. Their al-
gorithm makes use of Clifford algebra for computing polynomial approximations in
areas with nonlinear local behaviour, especially higher-order singularities.

De Leeuw and Van Liere presented a technique for visualising flow structures using
multilevel flow topology [38]. In high-resolution data sets of turbulent flows, the huge
number of critical points can easily clutter a flow topology image. The algorithm
presented attempts to solve this problem by removing small-scale structures from the
topology. This is achieved by applying a pair distance filter which removes pairs of
critical points, that are near each other. This removes small topological structures
such as vortices, but does not affect the global topological structure. The threshold
distance, which determines which critical points are removed, can be adapted, making
it possible to visualise the structure at different levels of detail at different zoom levels.

Tricoche et al. also perform topology simplification in 2D vector fields [90]; they
simplify not only the topology, but also preserve the underlying vector field, thereby
making it possible to use standard flow visualisation methods, such as streamlines or
LIC, after the simplification. The basic principle of removing pairs of critical points
is similar to the technique of De Leeuw and Van Liere [38], but in this algorithm the
vector field surrounding the critical points is slightly modified, in such a way that
both critical points disappear.

2.3.3 Physical characteristics

The third approach is feature extraction based on physical characteristics. Often,
features can be detected by characteristic patterns in, or properties of, physical quan-
tities, for example by low pressure, high temperature, or swirling flow. These prop-
erties often follow directly from the feature definitions used. Most of the feature
extraction techniques discussed in Section 2.4 are based on this approach, sometimes
in combination with topological analysis or image processing techniques.

2.3.4 Selective Visualisation

A generic approach to feature extraction is Selective Visualisation, which is described
by Van Walsum [98]. The feature extraction process is divided into four steps (see
Figure 2.2 on the facing page).

The first step is the selection step. In principle, any selection technique can be
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Figure 2.2: The feature extraction pipeline [62].

used, that results in a binary segmentation of the original data set. A very simple
segmentation is obtained by thresholding of the original or derived data values; also,
multiple thresholds can be combined. The data set resulting from the selection step is
a binary data set with the same dimensions as the original data set. The binary values
in this data set denote whether or not the corresponding points in the original data
set are selected. The next step in the feature extraction process is the clustering step,
in which all points that have been selected are clustered into coherent regions. In the
next step, the attribute calculation step, these regions are quantified. Attributes of
the regions are calculated, such as position, volume and orientation. We now speak
of objects, or features, with a number of attributes, instead of clusters of points.
Once we have determined these quantified objects, we don’t need the original data
anymore. With this, we may accomplish a data reduction factor of 1000 or more.
In the fourth and final step, iconic mapping, the calculated attributes are mapped
onto the parameters of certain parametric icons, which are easy to visualise, such as
ellipsoids.

2.4 Feature extraction techniques

In this Section, a number of feature extraction techniques will be discussed that have
been specifically designed for certain types of features. These techniques are often
based on physical or mathematical (topological) properties of the flow. Features that
often occur in flows are vortices, shock waves and separation and attachment lines.
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2.4.1 Vortex extraction

Features of great importance in flow data sets, both in theoretical and in practical
research, are vortices. (See Figure 2.3.) In some cases, vortices (turbulence) have to
be impelled, for example to stimulate mixing of fluids, or to reduce drag. In other
cases, vortices have to be prevented, for example around aircraft, where they can
reduce lift.

Figure 2.3: A vortex in water. (Source: WL | Delft Hydraulics)

There are many different definitions of vortices and likewise many different vortex
detection algorithms. A distinction can be made in algorithms for finding vortex
regions and algorithms that only find the vortex cores.

Other overviews of algorithms are given by Roth and Peikert [67] and by Banks and
Singer [3].

There are a number of algorithms for finding regions with vortices:

• One idea is to find regions with a high vorticity magnitude. Vorticity is the
curl of the velocity, that is, ∇× v, and represents the local flow rotation, both
in speed and direction. However, although a vortex may have a high vorticity
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magnitude, the converse is not always true [109]. Villasenor and Vincent present
an algorithm for constructing vortex tubes using this idea [95]. They compute
the average length of all vorticity vectors contained in small-radius cylinders,
and use the cylinder with the maximum average for constructing the vortex
tubes.

• Another idea is to make use of helicity instead of vorticity [39, 108]. The helicity
of a flow is the projection of the vorticity onto the velocity, that is (∇×v)·v. This
way, the component of the vorticity perpendicular to the velocity is eliminated.

• Because swirling flow often swirls around areas of low pressure, this is another
criterion that can be used to locate vortex cores [64].

• Jeong and Hussain define a vortex as a region where two eigenvalues of the
symmetric matrix S2 + Ω2 are negative, where S and Ω are the symmetric
and antisymmetric parts of the Jacobian of the vector field, respectively [25]:
S = 1

2 (V +V T ), and Ω = 1
2 (V −V T ). This method is known as the λ2 method.

The above methods may all work in certain simple flow data sets, but they do not hold,
for example, in turbomachinery flows, which can contain strongly curved vortices [67].

There are also some algorithms specifically for finding vortex core lines:

• Banks and Singer use streamlines of the vorticity field, with a correction to the
pressure minimum in the plane perpendicular to the vortex core [3].

• Roth and Peikert suggest that a vortex core line can be found where vorticity
is parallel to velocity [67]. This sometimes results in coherent structures, but in
most data sets it does not give the expected features.

• In the same article, Roth and Peikert suggest that, in linear fields, the vortex
core line is located where the Jacobian has one real-valued eigenvector, and this
eigenvector is parallel to the flow [67]. However, in their own application of
turbomachinery flows, the assumption of a linear flow is too simple. The same
algorithm is presented by Sujudi and Haimes [88].

• Recently, Jiang et al. presented a new algorithm for vortex core region detec-
tion [26], which is based on ideas derived from combinatorial topology. The
algorithm determines for each cell if it belongs to the vortex core, by examining
its neighbouring vectors.

A few of these algorithms will be reviewed in more detail.

Sujudi and Haimes developed an algorithm for finding the centre of swirling flow in
3D vector fields and implemented this algorithm in pV3 [88]. Although pV3 can
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use many types of grids, the algorithm has been implemented for tetrahedral cells.
When using data sets with other types of cells, these first have to be decomposed
into tetrahedral cells. This is done for efficiency, because linear interpolation for
the velocity can be used in the case of tetrahedral cells. The algorithm is based on
critical-point theory and uses the eigenvalues and eigenvectors of the velocity gradient
tensor or rate-of-deformation tensor. The algorithm works on each point in the data
set separately, making it very suitable for parallel processing. The algorithm searches
for points where the velocity gradient tensor has one real and two complex-conjugate
eigenvalues and the velocity is in the direction of the eigenvector, corresponding to
the real eigenvalue. The algorithm results in large coherent structures when a strong
swirling flow is present, and the grid cells are not too large. The algorithm is sensitive
to the strength of the swirling flow, resulting in incoherent structures or even no
structures at all in weak swirling flows. Also, if the grid cells are large, or irregularly
sized, the algorithm has difficulties finding coherent structures or any structures at
all.

Kenwright and Haimes also studied the eigenvector method and concluded that it has
proven to be effective in many applications [31]. The drawbacks of the algorithm are
that it does not produce contiguous lines. Line segments are drawn for each tetra-
hedral element, but they are not necessarily continuous across element boundaries.
Furthermore, when the elements are not tetrahedra, they have to be decomposed into
tetrahedra first, introducing a piecewise linear approximation for a nonlinear func-
tion. Another problem is that flow features are found that are not vortices. Instead,
swirling flow is detected, of which vortices are an example. However, swirling flow
also occurs in the formation of boundary layers. Finally, the eigenvector method is
sensitive to other nonlocal vector features. For example, if two axes of swirl exist, the
algorithm will indicate a rotation that is a combination of the two swirl directions.
The eigenvector method has successfully been integrated into a finite element solver
for guiding mesh refinement around the vortex core [11].

Roth and Peikert have developed a method for finding core lines using higher-order
derivatives, making it possible to find strongly curved or bent vortices [68]. They
observe that the eigenvector method is equivalent to finding points where the acceler-
ation a is parallel to the velocity v, or equivalently, to finding points of zero curvature.
The acceleration a is defined as:

a =
Dv

Dt
, (2.3)

where the notation Df
Dt

is used for the derivative following a particle, which is defined,
in a steady flow, as ∇f · v. Therefore:

a =
Dv

Dt
= ∇v · v = J · v, (2.4)

with J the Jacobian of v, that is the matrix of its first derivatives.
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Roth and Peikert improve the algorithm by defining vortex cores as points where

b =
Da

Dt
=

D2v

Dt2
(2.5)

is parallel to v, that is, points of zero torsion. The method involves computing
a higher-order derivative, introducing problems with accuracy, but it performs very
well. In comparison with the eigenvector method, this algorithm finds strongly curved
vortices much more accurately. Roth and Peikert also introduce two attributes for
the core lines: the strength of rotation and the quality of the solution. This makes
it possible for the user to impose a threshold on the vortices, to eliminate weak or
short vortices. Peikert and Roth have also introduced a new operator, the “parallel
vectors” operator [53], with which they are able to mathematically describe a number
of previously developed methods under one common denominator. Using this operator
they can describe methods based on zero curvature, ridge and valley lines, extremum
lines and more.

Jiang et al. recently presented a new approach for detecting vortex core regions [26].
The algorithm is based on an idea which has been derived from Sperner’s lemma in
combinatorial topology, which states that it is possible to deduce the properties of
a triangulation, based on the information given at the boundary vertices. The al-
gorithm uses this fact to classify points as belonging to a vortex core, based on the
vector orientation at the neighbouring points. In 2D, the algorithm is very simple
and straightforward, and has only linear complexity. In 3D, the algorithm is some-
what more difficult, because it first involves computing the vortex core direction, and
next, the 2D algorithm is applied to the velocity vectors projected onto the plane per-
pendicular to the vortex core direction. Still, also the 3D algorithm has only linear
complexity.

The above described methods all use a local criterion for determining on a point-to-
point basis where the vortices are located. The next algorithms use global, geometric
criteria for determining the location of the vortices. This is a consequence of using
another vortex definition.

Sadarjoen and Post present two geometric methods for extracting vortices in 2D
fields [71]. The first is the curvature centre method. For each sample point, the al-
gorithm computes the curvature centre. In the case of vortices, this would result in a
high density of centre points near the centre of the vortex. The method works but has
the same limitations as traditional point-based methods, with some false and some
missing centres. The second method is the winding-angle method, which has been
inspired by the work of Portela [54]. The method detects vortices by selecting and
clustering looping streamlines. The winding angle αw of a streamline is defined as
the sum of the angles between the consecutive streamline segments. Streamlines are
selected that have made at least one complete rotation, that is, αw ≥ 2π. A second
criterion checks that the distance between the starting and ending points is relatively
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small. The selected streamlines are used for vortex attribute calculation. The geo-
metric mean is computed of all points of all streamlines belonging to the same vortex.
An ellipse fitting is computed for each vortex, resulting in an approximate size and
orientation for each vortex. Furthermore, the angular velocity and rotational direc-
tion can be computed. All these attributes can be used for visualising the vortices.
(See Figure 2.4.)

Figure 2.4: Flow in the Atlantic Ocean, with streamlines and ellipses indicating vor-
tices. Blue and red ellipses indicate vortices rotating clockwise and counterclockwise,
respectively [72]. See also colour Figure C.3.

2.4.2 Shock wave extraction

Shock waves are also important features in flow data sets, and can occur, for example,
in flows around aircraft. (See Figure 2.5 on the next page.) Shock waves can increase
drag and cause structural failure, and therefore, are important phenomena for study.
Shock waves are characterised by discontinuities in physical flow quantities such as
pressure, density and velocity. Therefore, shock detection is comparable to edge
detection, and similar principles could be used as in image processing. However, in
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numerical simulations, the discontinuities are often smeared over several grid points,
due to the limited resolution of the grid.

Figure 2.5: A shock wave around an aircraft. (Source: H.-G. Pagendarm)

Ma et al. have investigated a number of techniques for detecting and for visualising
shock waves [44]. Detecting shocks in two dimensions has been extensively investi-
gated [35, 45, 65]. However, these techniques are in general not applicable to shocks
in three dimensions. They also describe a number of approaches for visualising shock
waves. The approach of Haimes and Darmofal [19] is to create isosurfaces of the
Mach number normal to the shock, using a combined density gradient/Mach num-
ber computation. Van Rosendale presents a two-dimensional shock-fitting algorithm
for unstructured grids [65]. The idea relies on the comparison of density gradients
between grid nodes.

Ma et al. compare a number of algorithms for shock extraction and also present their
own technique [44]:

• The first idea is to create an isosurface of the points where the Mach number
is one. However, this results in the sonic surface, which, in general, does not
represent a shock.

• Theoretically, a better idea is to create an isosurface of the points where the
normal Mach number is equal to one. However, if the surface is unknown, it is
impossible to compute the Mach number, normal to the surface.
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• This problem can be resolved, by approximating the shock normal with the
density gradient, since a shock is also associated with a large gradient of the
density. Therefore, ∇ρ is (roughly) normal to the shock surface. Thus, the
algorithm computes the Mach number in the direction of, or projected onto, the
density gradient. The shock surface is constructed from the points where this
Mach number equals one. This algorithm is also used by Lovely and Haimes [43],
but they define the shock region as the region within the isosurface of Mach
number one, and use filtering techniques to reconstruct a sharp surface.

• Pagendarm presented an algorithm that searches for maxima in the density
gradient [48]. The first and second derivatives of the density in the direction
of the velocity are computed. Next, zero-level isosurfaces are constructed of
the second derivative, to find the extrema in the density gradient. Finally, the
first derivative is used to select only the maxima, which correspond to shock
waves, and discard the minima, which represent expansion waves. This can
be done by selecting only positive values of the first derivative. However, the
second derivative can also be zero in smooth regions with few disturbances. In
these regions the first derivative will be small, therefore, these regions can be
excluded by discarding all points where the first derivative is below a certain
threshold ǫ. Of course, this poses the problem of finding the correct ǫ. When
the value is too small, erroneous shocks will be found, but if the value is too
large, parts of the shocks could disappear. This algorithm can also be used for
finding discontinuities in other types of scalar fields, and thus for finding other
types of features.

• Ma et al. present an adapted version of this algorithm, which uses the normal
Mach number to do the selection in the third step [44]. Again, in the first and
second step, the zero-level isosurfaces of the second directional derivative of the
density are constructed. But for discriminating shock waves from expansion
waves and smooth regions, the normal Mach number is used. More precisely,
those points are selected where the normal Mach number is close to one. Here
also, a suitable neighbourhood of one has to be chosen.

2.4.3 Separation and attachment line extraction

Other features in flow data sets are separation and attachment lines on the boundaries
of bodies in the flow. These are the lines where the flow abruptly moves away from
or returns to the surface of the body. (See Figure 2.6 on the facing page.) These
are important features in aerodynamic design because they can cause increased drag
and reduced lift [66], and therefore, their occurrence should be prevented or at least
minimised.

Helman and Hesselink use vector field topology to visualise flow fields [21]. In addition
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Figure 2.6: Separation and attachment lines on a delta wing. See also colour Fig-
ure C.4 (Source: D. Kenwright).

to the critical points, the attachment and detachment nodes on the surfaces of bodies
determine the topology of the flow. (See Figure 2.7 on the next page.) The attachment
and detachment nodes are not characterised by a zero velocity, because they only occur
in flows with a no-slip condition, that is, all points on the boundaries of objects are
constrained to have zero velocity. Instead, they are characterised by a zero tangential
velocity. Therefore, streamlines impinging on the surface terminate at the attachment
or detachment node, instead of being deflected along the surface.

Globus et al. designed and implemented a system for analysing and visualising the
topology of a flow field with icons for the critical points and integral curves starting
close to the critical points [14]. The system is also able to visualise attachment and
detachment surfaces and vortex cores.

Pagendarm and Walter [49] and De Leeuw et al. [37] used skin-friction lines for vi-
sualising attachment and detachment lines in the blunt fin data set. For visualising
these lines, the wall shear τw is computed, which is the flow velocity gradient per-
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Figure 2.7: Vector field topology: a topological skeleton of a flow around a cylin-
der [21].

pendicular to the wall. Next, a standard streamline algorithm is used to integrate
the skin-friction lines from the shear vector field. These skin-friction lines show the
location of separation and attachment of the flow at the wall. (See Figure 2.8 on the
facing page.)

Kenwright gives an overview of existing techniques for visualising separation and
attachment lines and presents a new automatic feature detection technique for locating
these lines, based on concepts from 2D phase plane analysis [30]. Some common
approaches are:

• Particle seeding and computation of integral curves, such as streamlines and
streaklines, which are constrained to the surface of the body. These curves
merge along separation lines.

• Skin-friction lines can be used, analogous to surface oil flow techniques from
wind tunnel experiments [49].

• Texture synthesis techniques can be used to create continuous flow patterns
rather than discrete lines [37].

• Helman and Hesselink can generate separation and attachment lines from their
vector field topology [21]. These lines are generated by integrating curves from
the saddle and node type critical points on the surface in the direction of the
real eigenvector. However, only closed separations are found, that is, curves
that start and end at critical points.

Open separation does not require separation lines to start or end at critical points,
and is therefore not detected using flow topology. Open separation has been observed
in experiments, but had not previously been studied in flow simulations. However,
the algorithm presented by Kenwright does detect both closed and open separation
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Figure 2.8: Skin-friction on a blunt fin from a flow simulation at Mach 5, visualised
with spot noise [37].

lines. The theory for this algorithm is based on concepts from linear phase plane anal-
ysis. It is assumed that the computational domain on the surface can be subdivided
into triangles and the vector components are given at the vertices. The algorithm is
executed for each triangle, making it suitable for parallelisation. For each triangle,
a linear vector field is constructed satisfying the vectors at the vertices. If the de-
terminant of the Jacobian matrix is nonzero, the algorithm continues by calculating
the eigenvalues and eigenvectors of the Jacobian. Every triangle has a critical point
somewhere in its vector field. The linear vector field is translated to this critical point
and the coordinate system is changed so that the eigenvectors are orthogonal. This
(x, y) plane is also referred to as the Poincaré phase plane. (See Figure 2.9 on the next
page.) By computing tangent curves in the phase plane, we obtain the phase portrait
of the system. For a saddle, the tangent curves or streamlines converge along the x

and y axes. For a repelling node, they converge along the y axis and for an attracting
node, they converge along the x axis. If the phase portrait is a saddle or a repelling
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node, the intersection of the y axis with the triangle is computed. If it intersects, the
line segment will form part of an attachment line. If the phase portrait is a saddle or
an attracting node, the intersection of the x axis with the triangle is computed, and
if it does intersect, the line segment will form part of a separation line.

Figure 2.9: Three phase portraits, for a saddle, repelling node and attracting node.
The intersections of the triangles with the axes contribute line segments to attachment
or separation lines [30].

A problem with this algorithm is that disjointed line segments are computed instead
of continuous attachment and separation lines. Other problems occur when the flow
separation or attachment is relatively weak, or when the assumption of locally linear
flow is not correct.

Kenwright et al. present two algorithms for detecting separation and attachment
lines [32]. The first is the algorithm discussed above, the second is the parallel vector
algorithm. Both algorithms use eigenvector analysis of the velocity gradient tensor.
However, the first is element-based and results in disjointed line segments, while the
second is point-based and will result in continuous lines.

In the parallel vector algorithm, points are located where one of the eigenvectors ei of
the gradient ∇v is parallel to the vector field v, that is, points where the streamline
curvature is zero, or in formula:

ei × v = 0. (2.6)

The velocity vectors and the eigenvectors can be determined at the vertices of the
grid and interpolated within the elements. At the vertices, ei × v is calculated for
both eigenvectors, but only if both eigenvectors are real, that is, the classification of
∇v at the vertex is either a saddle or a node. If the cross product ei ×v changes sign
across an edge, that means an attachment or separation line intersects the edge. The
intersection point can then be found by interpolation along the edge. The attach-
ment and separation lines can be constructed by connecting the intersection points
in each element. The distinction between attachment and separation can be made
easily, because attachment will occur where v is parallel to the smallest ei and sepa-
ration where v is parallel to the largest ei. Another set of lines is detected with this
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algorithm, the inflection lines, where one of the eigenvectors is locally parallel to the
velocity vector, but the line itself is not an asymptote of neighbouring streamlines.
(See Figure 2.10.) These inflection lines can easily be filtered out by checking if:

∇(ei × v) · v = 0. (2.7)

This will not be true for inflection lines.

Figure 2.10: The vector field in the left image contains a separation line; the field in
the right image contains an inflection line [32].

Both algorithms discussed by Kenwright et al. correctly identify many separation and
attachment lines, but may fail in identifying curved separation lines [32]. The parallel
vector algorithm will result in continuous lines, whereas the phase plane algorithm
results in discontinuous line segments. Both algorithms do detect open separation
lines, which do not start or end at critical points.

2.5 Feature tracking and event detection

In time-dependent data sets, features are objects that evolve in time. Determining the
correspondence between features in successive time steps, that actually represent the
same object at different times, is called the correspondence problem. Feature tracking
is involved with solving this correspondence problem. The goal of feature tracking is
to be able to describe the evolution of features through time. During the evolution,
certain events can occur, such as the interaction of two or more features, or significant
shape changes of features. Event detection is the process of detecting such events, in
order to describe the evolution of the features even more accurately.

There are a number of approaches to solving the correspondence problem. Features
can be extracted directly from the spatio-temporal domain, thereby implicitly solving
the correspondence problem. Or, when feature extraction is done in separate time
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steps, the correspondence can be solved based on region correspondence, or based on
attribute correspondence.

2.5.1 Feature extraction from the spatio-temporal domain

It is possible to perform feature extraction in 3D or 4D space-time. Tricoche et
al. present an algorithm for tracking of two-dimensional vector field topologies by
interpolation in 3D space-time [91]. Bajaj et al. present a general technique for
hypervolume visualisation [1]. They describe an algorithm to visualise arbitrary n-
dimensional scalar fields, possibly with one or more time dimensions. Weigle and
Banks extract features by isosurfacing in four-dimensional space-time [101]. This is
conceptually similar to finding overlapping features in successive time steps. See also
the next Section (2.5.2), about region correspondence. Bauer and Peikert perform
tracking of features in (4D or 5D) scale-space [4]. The idea is that the original data
is smoothed using a Gaussian kernel. The standard deviation σ of this kernel can be
any positive number, and is represented on the scale axis. Together with the normal
3D spatial axes, and possibly one time axis, this scale axis spans the scale-space. In
the article, the focus is on line-type features, and specifically vortex cores, but that
is just their main application, and not inherent to the algorithm. In 5D scale-space,
it is possible to track features not only along the time axis, but also along the scale
axis.

2.5.2 Region correspondence

Region correspondence involves comparing the regions of interest obtained by feature
extraction. Basically, the binary images from successive time steps, containing the fea-
tures found in these time steps, are compared on a cell-to-cell basis. Correspondence
can be found using a minimum distance or a maximum cross-correlation criterion [16]
or by minimising an affine transformation matrix [29]. It is also possible to extract
isosurfaces from the four-dimensional time-dependent data set [101], where time is
the fourth dimension. The correspondence is then implicitly determined by spatial
overlap between successive time steps. This criterion is simple, but not always cor-
rect, as objects can overlap but not correspond, or correspond but not overlap. Silver
and Wang explicitly use the criterion of spatial overlap instead of creating isosurfaces
in four dimensions [83, 84]. They prevent correspondence by accidental overlap, by
checking the volume of the corresponding features and taking the best match. This
is also the idea of attribute correspondence, which is discussed next. By using spatial
overlap, certain events are implicitly detected, such as a bifurcation when a feature
in one time step overlaps with two features in the next time step. Event detection is
also discussed more extensively later, in Section 2.5.4.
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2.5.3 Attribute correspondence

With attribute correspondence, the comparison of features from successive frames is
performed on the basis of the attributes of the features, such as the position, size,
volume, and orientation. These attributes can be computed in the feature extraction
phase, (see Section 2.3.4,) and can be used for description and for visualisation of
the features, and also for feature tracking, as described here. The original grid data
is not needed anymore. Samtaney et al. use the attribute values together with user-
provided tolerances to create correspondence criteria [75]. For example, for position
the following criterion could be used:

dist(pos(Oi+1), pos(Oi)) ≤ Tdist, (2.8)

where pos(Oi) and pos(Oi+1) are the positions of the objects in time steps i and
i + 1, respectively, and Tdist is the user-provided tolerance. For scalar attributes, the
difference or the relative difference could be used. For example, to test the relative
difference of the volume, the following formula can be used:

vol(Oi+1) − vol(Oi)

max(vol(Oi+1), vol(Oi))
≤ Tvol, (2.9)

where vol(Oi) and vol(Oi+1) are the volumes of the features in the two time steps,
and Tvol is the tolerance given by the user. Events such as a bifurcation can also be
tested. If a feature in time step i splits into two features in time step i + 1, the total
volume after the event has to be approximately the same as before the event. The
same formula can be used as for the normal volume test, except that vol(Oi+1) in this
case equals the sum of the volumes of the separate features. The position criterion
in case of a bifurcation event could involve the weighted average of the individual
positions after the event, where the positions are weighed with the volume:

dist(pos(Oi),

∑

(vol(Oi+1) · pos(Oi+1))
∑

(vol(Oi+1))
) ≤ Tdist, (2.10)

where Oi+1 now represents all objects in time step i+1 that are involved in the event.

Reinders et al. describe an algorithm for feature tracking, that is based on prediction
and verification [59, 60]. This algorithm is based on the assumption that features
evolve predictably. That means, if a part of the evolution of a feature (path) has been
found, a prediction can be made into the next time step (frame). Then, in that next
time step, a feature is sought, that corresponds to the prediction. (See Figure 2.11 on
the next page.) If a feature is found that matches the prediction within certain user-
provided tolerances, the feature is added to the evolution and the search is continued
to the next time step. When no more features can be added to the path, a new
path is started. In this manner, all frames are searched for starting points, both in
forward and backward time direction, until no more paths can be created. A path is
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Figure 2.11: One step during feature tracking. A path is shown with its prediction,
and three candidates in the next time step [60]. See also colour Figure C.5.

started by trying all possible combinations of features from two consecutive frames
and computing the prediction to the next frame. Then, the prediction is compared to
the candidate features in that frame. If there is a match between the prediction and
the candidate, a path is started. To avoid any erroneous or coincidental paths, there
is a parameter for the minimal path length, which is usually set to 4 or 5 frames. A
candidate feature can be defined in two ways. All features in the frame can be used
as candidates, or only unmatched features can be used, that is, those features that
have not yet been assigned to any path. The first definition ensures that all possible
combinations are tested and that the best correspondence is chosen. However, it
could also result in features being added to more than one path. This has to be
resolved afterwards. Using the second definition is much more efficient, because the
more paths are found, the fewer unmatched features require testing. However, in this
case, the results depend on the order in which the features are tested. This problem
can be solved by starting the tracking process with strict tolerances and relaxing the
tolerances in subsequent passes.

The prediction of a feature is constructed by linear extrapolation of the attributes of
the features from the last two frames. Other prediction schemes could also be used,
for example, if a priori knowledge of the flow is available.

The prediction is matched against real features using correspondence criteria, similar
to the ones used by Samtaney et al. as discussed above [75]. For each attribute of the
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features, a correspondence function can be created, which returns a positive value for
a correspondence within the given tolerance, with a value of 1 for an exact match,
and a negative value for no correspondence. Each correspondence function is assigned
a weight, besides the tolerance. Using this weight, a weighted average is calculated
of all correspondence functions, resulting in the correspondence factor between the
two features. For this correspondence factor, the same applies as for the separate
correspondence functions, that is, a positive value indicates a correspondence, with 1
indicating a perfect match. A negative correspondence factor means no match.

2.5.4 Event detection

After feature tracking has been performed, event detection is the next step. Events are
the temporal counterparts of spatial features in the evolution of features. For example,
if the path or evolution of a feature ends, it can be interesting to determine why
that happens. It could be that the feature shrinks and vanishes, or that the feature
moves to the boundary of the data set and disappears, or that the feature merges
with another feature and the two continue as one. Samtaney et al. introduced the
following events: continuation, creation, dissipation, bifurcation, amalgamation [75].
(See Figure 2.12.) Reinders et al. developed a feature tracking system that is able to
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Figure 2.12: The different types of events as introduced by Samtaney et al. [75].

detect these and other events [60]. The terminology they use is birth and death instead
of creation and dissipation, and split and merge for bifurcation and amalgamation.
Furthermore, they can detect entry and exit events, where a feature moves beyond
the boundary of the data set. Finally, for a specific, graph-type feature, the system
is able to detect changes in topology. It discriminates loop and junction events. (See
Figure 2.13 on the next page.) Many other types of events can be envisioned, but for
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Figure 2.13: A loop event has occurred. In the left image, the feature contains a loop,
in the right image, the next frame, the loop has disappeared [57].

each type specific detection criteria have to be provided.

For event detection, just as for feature tracking, only the feature attributes are used.
Analogous to the correspondence functions, for event detection, event functions are
computed. For example, to detect a death event, two conditions must hold. First, the
volume of the feature must decrease. And second, the volume of the prediction must
be very small or negative. The event function for this event returns a positive value if
the volume of the prediction is within the user-provided tolerance, and is equal to one
if the volume of the prediction is negative. If the volume is not within the tolerance,
the returned value will be negative. The event functions for the separate attributes
are combined into a single factor, which determines if the event is a death event. A
birth event can be detected by doing the same tests in the backward time direction.

Similarly, the tests for split and merge events, and for entry and exit events are each
other’s reverse in time.

2.6 Visualisation of features and events

The final step in the feature extraction pipeline is, of course, the visualisation of
the features. A number of techniques will be covered in this Section. The most
straightforward visualisation is to show the nodes in the data set, that have been
selected in the first step of the feature extraction pipeline. This step results in a
binary data set, with each value indicating whether the corresponding node has been
selected or not. This binary data set can be visualised, for example, with crosses at
the selected nodes. In Figure 2.14 on the facing page, such a visualisation is shown.
The visualisation is of a simulation of the flow behind a backward-facing step. The
feature that is visualised here is a recirculation zone, behind the step. The points
were selected with the criterion: normalised helicity H > 0.6.

Another simple visualisation technique is to use isosurfaces. This can be done on
the binary data set, resulting from the selection step, or, if the selection expression
is a simple threshold, directly on the original data set. This results in isosurfaces
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Figure 2.14: Visualisation of the selected points in the backward-facing-step data
set [73].

enclosing the selected regions.

Also, other standard visualisation techniques can be used in combination with the
Boolean data set resulting from the selection step. For example, in a 3D flow data
set, using the standard methods for seeding streamlines or streamtubes, will not
provide much information about the features and will possibly result in visual clutter.
However, if the selected points are used to seed streamlines, both backward and
forward in time, this can provide useful information about the features and their
origination. See Figure 2.15 on the next page, for an example, where two streamtubes
are shown in the backward-facing-step data set. The radius of the tubes is inversely
proportional to the square root of the local velocity magnitude, and the colour of the
tubes corresponds to the pressure.

If, instead of the separate selected points, the attributes are used, that have been
computed in the feature extraction process, then parametric icons can be used for
visualising the features.

If an ellipsoid fitting of the selected clusters has been computed, there are three
attribute vectors: the centre position, the axis lengths, and the axis orientations,
which can be mapped onto the parameters of an ellipsoid icon. This is a simple icon,
but very efficient and accurate. It can be represented with 9 floating-point values,
and is therefore space-efficient. Furthermore, it can be very quickly visualised, and
although it is simple, it gives an accurate indication of the position and volume of a
feature. In Figure 2.16 on page 39, an ellipsoid fitting is computed from the selected
points in Figure 2.14. In Figure 2.17, vortices are shown from a CFD simulation
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Figure 2.15: Visualisation with streamtubes of the recirculation in the backward-
facing-step data set [99]. See also colour Figure C.6.

with turbulent vortex structures. The features have been selected by a threshold on
vorticity magnitude. They are being visualised with isosurfaces and ellipsoids. It is
clearly visible that, in this application, with the strongly curved features, the ellipsoids
do not give a good indication of the shape of the features. But, as mentioned above,
the position and volume attributes of the ellipsoids will be accurate, and can be used
for feature tracking.

In Figure 2.18 on page 41, the flow past a tapered cylinder is shown. Streamlines
indicate the flow direction, and rotating streamlines indicate vortices. The vortices are
selected by locating these rotating streamlines, using the winding-angle method [71].
Ellipses are used to visualise the vortices, with the colour indicating the rotational
direction. Green means clockwise rotation, red means counterclockwise rotation. The
slice is coloured with λ2, which is the second-largest eigenvalue of the tensor S2 +Ω2.
(See Section 2.4.1.) The tapered cylinder data set consists of a number of horizontal
slices, such as the one in Figure 2.18. Figure 2.19 shows an image of the three-
dimensional vortices, which have been constructed from the ellipses extracted in each
slice [61].

For the 3D vortices in Figure 2.17, an other type of icon has to be used, if we want
to visualise the strongly curved shape of the features. Reinders et al. present the
use of skeleton graph descriptions for features, with which they can create icons that
accurately describe the topology of the features, and approximately describe the shape
of the features [58]. Compare the use of ellipsoid icons with the use of skeleton icons
in Figure 2.20 on page 43.
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Figure 2.16: An ellipsoid fitting computed from the selected points in the backward-
facing-step data set [73].

For visualising the results of feature tracking, it is of course essential to visualise the
time dimension. The most obvious way is to animate the features, and to give the
user the opportunity to browse through the time steps, both backward and forward
in time. Figure 2.21 on page 43 shows the player from the feature tracking program,
developed by Reinders [60]. On the left of the image, the graph viewer is shown, which
gives an abstract overview of the entire data set, with the time steps on the horizontal
axis, and the features represented by nodes, on the vertical axis. The correspondences
between features from consecutive frames are represented by edges in the graph, and
therefore, the evolution of a feature in time, is represented by a path in the graph.
On the right of the image, the feature viewer is shown, in which the feature icons
from the current frame are displayed. Also, a control panel is visible, with which the
animation can be started, paused, and played forward and backward.

The graph viewer can also be used for visualising events [57]. For each event, a specific
icon has been created, which is mapped onto the nodes of the graph, so that the user
can quickly see which events occur where, and how often they occur. In Figure 2.22
on page 44, the graph viewer is shown, with a part of the graph, containing a number
of events. Each event is clearly recognisable by its icon. In Figure 2.23, two frames
are shown, between which a split event has occurred. In both frames, the features are
shown with both ellipsoid and skeleton icons. The advantage of the use of skeleton
icons in this application is obvious. Because the shape of the features is much more
accurately represented by the skeleton icons, changes in shape and events such as
these are much more easily detected.
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Figure 2.17: Vortices in a data set with turbulent vortex structures, visualised using
isosurfaces and ellipsoids [57].

2.7 Conclusions and future prospects

Feature extraction is selection and simplification based on content: extracting relevant
high-level information from a data set, visualising the data from a problem-oriented
point of view. This leads to a large reduction of the data size, and to fully or semi-
automatic generation of simple and clear images. The techniques are generally very
specific for a certain type of problem (such as vortex detection), the relation with the
original raw data is indirect, and the reduction is achieved at the cost of loss of other
information, which is considered not relevant for the purpose. But the techniques
generalise well to analysis of time-dependent data sets, leading to condensed episodic
visual summaries.

A good possibility is combining feature extraction techniques with direct or geomet-
ric techniques. For example, selective visualisation has been used effectively with
streamline generation (Figure 2.15), to place seed points in selected areas, and show
important structures with only a small number of streamlines. Combining simple
advection-based techniques with iconic feature visualisation can also clarify the re-
lation between the raw data and the derived information used in feature detection
(Figure 2.18). The work of visualisation and simulation experts will become insep-
arable in the future: the distinction between simulation and visualisation will be
increasingly blurred. A good example is the tracking of phase fronts (separation be-
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Figure 2.18: Vortices behind a tapered cylinder. The colour of the ellipsoids represents
the rotational direction [71]. See also colour Figure C.7.

tween two different fluids in multi-fluid flows) using level set methods [77], where the
feature extraction is a part of both simulation and visualisation.

How about practical application? Feature-based techniques have been incorporated in
commercial visualisation systems 1. The practical use of flow visualisation is most ef-
fective when visualisation experts closely cooperate with fluid dynamics experts. This
is especially true in feature-based visualisation, where developing detection criteria is
closely connected to the physical phenomena studied. But also other disciplines can
contribute to this effort: mathematicians, artists and designers, experimental scien-
tists, image processing specialists, and also perceptual and cognitive scientists [55].

In feature-based visualisation, the following areas need additional work:

• interactive techniques to support extraction and tracking of features [12];

• detection and tracking of new types of features, such as recirculation zones,
boundary layers, phase fronts, and mixing zones, and detection of new types of
events;

• comparative visualisation based on quantitative feature comparison;

1http://www.ensight.com/products/flow-feature.html
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Figure 2.19: 3D Vortex structures behind a tapered cylinder [61]. The number and
curvature of the spokes indicate the rotational speed and direction, respectively.

• topological analysis: extension to finding separation surfaces in 3D and to time-
dependent flows;

• image processing: adaptation of image segmentation and filtering techniques to
irregular grids and use with vector fields;

• online steering of large simulations based on feature extraction and event detec-
tion.

Overlooking the whole landscape of flow visualisation techniques, we can say that
visualisation of 2D flows has reached a high level of perfection, and for visualisation
of 3D flows a rich set of techniques is available. In the future, we will concentrate on
techniques that scale well with ever increasing data set sizes, and therefore simplifi-
cation, selection, and abstraction techniques will get more attention.
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Figure 2.20: Turbulent vortex structures represented by ellipsoid icons (left) and
skeleton icons (right) [57].

Figure 2.21: Playing through the turbulent vortex data set. See also colour Figure C.8.
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Figure 2.22: Events are visualised in the graph viewer with special, characteristic
icons.

Figure 2.23: A split event, before (left) and after (right). The features are visualised
with both an ellipsoid and a skeleton icon [57].



CHAPTER 3

Data structures for very large data handling

3.1 Introduction

As was described in Chapter 1, the process from multi-phase flow simulation to vi-
sualisation can be split into a number of steps. One of the steps is the detection
and extraction of the surface of the phase front. In the previous Chapter several
techniques were discussed from feature-based flow visualisation. Techniques similar
to the ones for shock wave extraction, described in Section 2.4.2, would have to be
developed for detecting the phase front. Because a phase front is characterised by a
sudden jump in physical quantities such as density, it is comparable in nature to a
shock wave. Therefore, similar techniques could be used for extraction and tracking
of both types of features.

However, after about a year into this project, it became apparent that a separate
feature detection step would no longer be required. Our co-researchers within the
project developed a new mass-conserving Level-Set method, which includes an implicit
surface representation of the phase front [94]. During the simulation, this surface
representation will be maintained, and it will be stored to disk, together with the
flow data from the simulation. No special feature detection techniques will be needed
for this phase front, because it can easily be described as an isosurface.

Whereas the first method would result in a large data reduction, because of the

45
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feature-based approach, this second method still results in huge data sets. The prob-
lem no longer lies in detection and extraction of the surface as well as in handling of
the very large data sets.

Therefore, referring to the list of approaches in Section 1.2, we have decided to move
away from the feature-based techniques and look more specifically into the other
approaches.

In the current Chapter a number of techniques from the other approaches will be dis-
cussed in more detail. In Section 3.2 two examples will be given of compression tech-
niques. The algorithms discussed in Section 3.3 can be classified as multi-resolution

data structures. Finally, in Section 3.4 a fast access data structure will be discussed.

3.2 Compression techniques

As was already introduced in Chapter 1, compression can be described as statistics-

based data reduction. Many data compression algorithms originate from the field of
image processing.

Examples of compression techniques include run-length encoding (RLE), difference or
delta encoding, entropy encoding (e.g. Huffman coding [22]), transform coding (e.g.
using the discrete cosine transform as in JPEG [28] and MPEG [46, 47] or the wavelet
transform as in JPEG-2000) and combinations of these [7].

As an example of a method that uses delta encoding, Ibarria et al. use the Lorenzo
predictor [23] to estimate data values in a 4D data set from their spatial and tem-
poral neighbours. This technique will be discussed in more detail in the following
Subsection.

A second example, discussed in Subsection 3.2.2 uses wavelets to compress a data set
up to a user-specified level. There is a huge amount of literature on wavelets and their
applications. A short introduction to wavelets will be presented in Subsection 3.2.2.
For a more elaborate introduction to the subject, see for example the book by Chui [9].
An early example of the use of wavelets for multi-resolution volume rendering was
presented by Westermann [102].

3.2.1 Out-of-core compression using the Lorenzo predictor

Ibarria et al. presented a method for compressing and decompressing very large (n-
dimensional) scalar data sets, requiring only a small amount of memory, using a simple
prediction scheme [23].

They introduce the Lorenzo predictor, which estimates the scalar value at a certain
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grid point from the values that have already been processed. More precisely, the
scalar value at the corner of an n-dimensional cube of grid points will be predicted
from the values of its 2n − 1 immediate neighbours — the other corners of the cube.

The predictor uses a very simple formula. The estimated value is a weighted sum of
the values of the neighbours. The weights are alternatingly +1 and −1, depending on
the degree of the neighbour. See Figure 3.1: immediate neighbours have weight +1,
second degree neighbours have weight −1, et cetera.
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Figure 3.1: The Lorenzo predictor estimates the value at point p from a weighted sum
of its neighbours. The weights are alternatingly positive and negative, depending on
the degree of the neighbour [23].

The estimates are exact when the scalar field corresponds to an implicit polynomial of
degree n−1. Otherwise, the residuals (the differences between the real and predicted
values) will probably still be relatively small, and can therefore be encoded using a
smaller number of bits than the original data.

Because the predictor only uses the grid points at the corner of an n-dimensional
unit cube, a small amount of memory suffices to process the data. Both during
compression and decompression, the data is visited in scan line order. The amount
of memory that is needed for the predictor, (the so-called footprint,) is slightly more
than one (n − 1)-dimensional slice. See Figure 3.2 on the following page. Therefore,
this method, although presented here as a compression algorithm, could also be used
for out-of-core processing.

3.2.2 Wavelet-based multi-resolution modelling

Contrary to what the name suggests, this technique is not really a multi-resolution
but rather a compression technique. Therefore, I have categorised it in this instead of
the next Section. This technique, presented by Baldwin et al., uses wavelets to create
a compressed representation of data sets [2].

Wavelets are mathematical functions that can be used for frequency analysis of signals
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Figure 3.2: The footprint in 2D and 3D [23].

or data. More general than the Fourier transform, the wavelet transform uses func-
tions that are localised in frequency as well as in space. Unlike the Fourier transform,
with only the sine and cosine functions as basis functions, the wavelet transform has
an infinite set of possible basis functions. For example, the Haar wavelet [17], which is
the oldest and also the simplest possible wavelet, can be described as a step function
f(x) with

f(x) =







1 0 ≤ x < 1
2 ,

−1 1
2 ≤ x < 1,

0 otherwise.
(3.1)

See also Figure 3.3.

Figure 3.3: The Haar wavelet.

The signal that is to be analysed is processed at different scales or resolutions and
with different windows. For each of these resolutions and windows, the basis function
is scaled and shifted and convolved with the data. The result is that the data can be
represented by a number of coefficients. In reconstruction, the more coefficients are
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used, the more details (high frequencies) in the result. With only a small number of
coefficients, still a good result can be achieved.

This technique by Baldwin et al. also results in a number of coefficients. These
coefficients can be compressed up to a user-specified level:

• the coefficients can be chosen up to a user-specified amount, thereby assuring a
certain compression ratio;

• the (sorted) coefficients can be chosen up to a user-specified relative error;

• the coefficients can be chosen that are greater than a certain user-specified
minimum.

During decompression or reconstruction different degrees of approximation can be
achieved by varying the number of wavelet coefficients used.

• First, the data can be reconstructed using all wavelet coefficients. This is in
fact a decompression of the data.

• The data can be reconstructed with a user-specified percentage of the available
(sorted) wavelet coefficients.

• The data can be reconstructed using the most significant coefficients up to a
user-specified relative error.

• The data can be reconstructed using the most significant levels of the wavelet
decomposition.

• Finally, the data can be reconstructed using only the coefficients that affect a
certain spatial location.

Both the second and third method can be implemented in a progressive manner.
Starting from the most important coefficient and thus the coarsest image, coefficients
are added, progressively improving the accuracy and adding details.

Depending on the amount of coefficients that are stored during the compression stage,
this technique could be classified as being mainly a compression algorithm or a level-
of-detail technique.

In Figure 3.4 on the following page is an example of a 1D data set, that has been
compressed using this technique. The first image shows the original data. The other
three images show the reconstructed data, using 50% and 25% of the coefficients and
the 5 largest coefficients, respectively.
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(a) The original data set (b) 50% of the coefficients

(c) 25% of the coefficients (d) The 5 largest coefficients

Figure 3.4: The values of the Standard & Poors 500 stock market index for the year
2001 [2].
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3.3 Multi-resolution data structures

Multi-resolution techniques use specific data structures for storing and/or retrieving
the data at several levels of resolution. Depending on the amount of available time
or memory, a particular resolution is used, e.g. for visualisation.

An example of this approach is the Time-Space-Partitioning Tree by Shen et al. [80],
in which both the temporal and spatial dimensions are stored at every possible (2n)
resolution, using bintree and octree representations, respectively. This technique will
be discussed in the next Subsection.

A popular technique for multi-resolution representation of data is the use of wavelets.
(See also Section 3.2.) Two examples of data structures using wavelets are presented
in Subsections 3.3.2 and 3.3.3.

A final example of a multi-resolution data structure was presented by Pascucci and
Frank [51, 52]. They use the Lebesque or Z-order space-filling curve to transform the
data to a hierarchical multi-resolution representation. This representation rearranges
the data according to the level of resolution, in such a way that subsequent levels
of resolution of the data are stored consecutively on disk. On traversal, the lowest
level of resolution will be accessed first; increasingly higher levels of resolution will
be accessed when required. We have selected this data structure for further study.
More details about our work on the Lebesque space-filling curve will be presented in
Chapter 6.

3.3.1 Time-Space Partitioning Tree

The Time-Space Partitioning (TSP) Tree was presented by Shen et al. [80] for fast
volume rendering of time-varying fields. The TSP Tree can capture both temporal
and spatial coherence in a time-dependent data set.

The basic structure of a TSP Tree is a complete octree, which recursively subdivides
the entire volume. Each of the nodes of this octree represents a certain subvolume, the
size of which depends on the level in the octree. In each of the nodes, however, not only
spatial information is stored, but all the temporal information about the subvolume
as well. Each node contains a complete binary tree, subdividing the temporal domain.
Therefore, each node of this binary time tree represents the subvolume over a certain
time range. The data of the root of the binary tree will represent the entire temporal
domain, and will contain data values, averaged over the entire time range. The leaf
nodes of the binary tree will represent the single time steps and will contain data
from a single time step. Again, the level of a node in the octree will determine the
size of the subvolume the node represents. The root node of the octree will represent
the entire volume, the leaf nodes represent the individual voxels. The level of a node
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in the bintree will determine the size of the time span the node represents.

Having this tree structure, the data can be queried at any spatial or temporal reso-
lution, ranging from a single number representing the temporal average of the entire
volume, down to an individual voxel at a single time step.

The data that is stored in each of the nodes of the binary trees consists of:

• the mean data value of the entire subvolume within the given time span;

• a measure for the spatial error of the subvolume within this time span;

• a measure for the temporal error of the subvolume within this time span.

This data structure was designed for fast volume rendering. Having only these data
values, isosurfacing, for example, is not possible. The error values that are stored
at each node are used during tree traversal as stopping criteria. When the error
values are below the user-provided error tolerances, the tree will not be traversed any
further, and the current mean data value will be used. The spatial error will indicate
whether the octree has to be traversed further downward. If not, the current mean
data value apparently represents the entire subvolume well enough. The temporal
error indicates whether the binary tree has to be traversed any further. If not, the
current data value can be reused for all time steps within the given time span.

3.3.2 Wavelet-based Time-Space Partitioning Tree

The Wavelet-based Time-Space Partitioning (WTSP) Tree was recently introduced
by Wang and Shen [100]. As the name suggests, the Wavelet-based TSP Tree is an
extension of the TSP Tree discussed in the previous Section. It uses a normal TSP
Tree as the underlying data structure.

However, in the WTSP Tree, this data structure is combined with a two-stage wavelet
transform. First, for each block of volume data from the leaf nodes of the spatial
octree, a 3D wavelet transform is computed. This will produce low-pass and high-pass
filtered coefficients. The low-pass filtered coefficients from eight adjacent subvolumes
will be grouped to form a single block of data, constituting the parent node of the
eight subvolumes in the octree hierarchy. Then, the same 3D wavelet transform will
be applied recursively on this block and its adjacent subvolumes, until the root node
of the octree has been reached. This algorithm will be applied to each time step in
the data set. In the next step, the high-pass filtered coefficients from corresponding
subvolumes in consecutive time steps will be grouped and transformed using a 1D
wavelet transform, resulting in a temporal hierarchy for each subvolume.

The whole process is illustrated in Figure 3.5 on the next page.
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3D wavelet transform on spatial domain
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Figure 3.5: An illustration of the construction of the WTSP Tree. The volume is first
subdivided into an octree for each time step. For each node in the octree, a 3D wavelet
transform is performed. This results in low-pass and high-pass filtered coefficients.
The low-pass filtered coefficients are gathered to build up the spatial hierarchy. The
high-pass filtered coefficients across all time steps are processed with a 1D wavelet
transform to build up the temporal binary tree at each octree node [100].

Further data reduction is performed by using a threshold parameter for the high-pass
filtered coefficients: the coefficients are set to zero if they are less than the threshold.
Finally, the coefficients resulting from the 1D wavelet transform are further com-
pressed using run-length and Huffman encoding. Again, this is an example of a tech-
nique that cannot be uniquely classified. Although discussed here as a multi-resolution
data structure, this algorithm makes extensive use of compression techniques.

3.3.3 Wavelet-based multi-resolution with
n

√
2 subdivision

Linsen et al. recently presented a multi-resolution method that makes use of n
√

2
subdivision [40]. Regular subdivision schemes suffer from coarse granularity. For
example, in one octree subdivision step, the number of vertices is multiplied by a
factor of eight. Using n

√
2 subdivision only doubles the number of vertices in each

subdivision step, corresponding to a factor of n
√

2 in each of the n dimensions. In each
step of the subdivision algorithm, an element is split by adding the centroid of the
element as a new vertex, connecting the centroid with the old vertices and removing
the old edges. Figure 3.6 on the following page shows the first steps of the subdivision
algorithm in 2 and 3 dimensions.
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(a)
√

2 subdivision

(b) 3
√

2 subdivision

Figure 3.6: The first steps of the subdivision algorithm in 2 and 3 dimensions [40].

Furthermore, downsampling based on a grid structure in a regular data structure
such as an octree introduces aliasing artefacts, possibly resulting in important details
being lost. Therefore, Linsen et al. use downsampling filters based on n-variate B-
spline wavelets, leading to better approximations of the data at coarser levels.

3.4 Fast access data structures

Fast-access data structures have been specifically designed to perform certain visual-
isation tasks efficiently. For example, Shen et al. described the Span Space [81] data
structure, designed to do fast isosurface extraction. Later, Shen combined this data
structure with the Interval Tree [10] for even better performance [79]. This resulted
in the Temporal Hierarchical Index Tree, which will be introduced in the next Sub-
section. As another example, the Shell data structure, by Udupa and Odhner [93]
was designed to speed up volume rendering.

3.4.1 Temporal Hierarchical Index Tree

The Temporal Hierarchical Index Tree, or THI Tree, was presented by Shen as a
data structure for fast isosurface extraction from time-varying fields [79]. This data
structure, which will be discussed in more detail in the following Chapter, is an
example of a fast-access data structure. Internally, it uses two other data structures
that enable a fast isosurface cell search. As was already mentioned in Section 1.3,
this is an advantage as well as a drawback of such methods; it was designed for fast
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isosurface extraction, but this is also the only type of visualisation that can be done
with the THI Tree.

The basic structure of the THI Tree is a binary time tree. Contrary to the TSP
and WTSP Tree, however, this binary tree is not used to create a multi-resolution
representation of the data set. In the THI Tree, the purpose of the binary time tree
is compression. In each node of the binary tree, only those cells will be stored that
are approximately constant for the corresponding time span. This means that long
“runs” of constant values — in the time dimension — are stored only once: a kind of
run-length encoding. So, this data structure in fact uses a combination of fast access
algorithms and a time compression technique. The details of the THI Tree will be
discussed in Chapters 4 and 5.

3.5 Discussion

When we have to make a comparison between all these methods and data structures,
there are several criteria we can take into account. First, we can look at the poten-
tial of the methods for solving the large data handling problem. How well can the
algorithms deal with very large time-dependent data sets? Secondly, are the meth-
ods suitable for interactive visualisation? A third criterion, especially of importance
within this project, is the suitability of an algorithm for isosurfacing. Other criteria,
which are more or less related to the first one are, for example, whether or not an
algorithm is suitable for out-of-core processing, in what way the time-dimension is
treated, and how much data reduction can be achieved.

Without trying to explicitly evaluate these criteria for each of the methods discussed
above, we will briefly summarise the results for this comparison.

Multi-resolution approaches in general have a good potential for handling large time-
varying data sets, the advantage being that they can adapt the resolution, depending
on the amount of available time and/or main memory. “Solving the problem” might
be too much to ask, however. The disadvantage of many data structures is that they
often increase the total amount of data.

The (W)TSP Tree algorithms have the drawback that they are limited to volume
rendering. This (almost inevitably) means, they can hardly be interactive. If not
the data retrieval, then the rendering will certainly be the bottleneck. The THI
Tree was designed for, and is limited to isosurfacing, but it does this very fast. The
other methods discussed here are more general and will allow more than one type of
visualisation.

Any method that adopts a multi-resolution or level-of-detail approach can be used
out-of-core. The method by Ibarria et al., using the Lorenzo predictor, was designed
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having a small memory footprint, specifically for out-of-core application. We have
adapted the THI Tree data structure for out-of-core application. See Chapter 5.
Other data structures (e.g. the TSP Tree) were designed to be I/O-efficient.

Some algorithms will handle the temporal dimension as if it were just one of the
four dimensions. The methods by Linsen et al. and Ibarria et al. will represent a
time-varying data set as a regular 4D array. One advantage of such a representation,
apart from the aesthetic point-of-view, is the possibility to perform time tracking by
4D isosurface extraction. Other algorithms handle space and time separately. Often,
an algorithm will be applied to the individual time steps. In the technique presented
by Baldwin et al., this could be the case. The multi-resolution representation of
Pascucci and Frank could be applied to either the 4D array, or to the single time
steps individually. Because the latter has some advantages, we adopted that approach.
In short, the disadvantage of representing the 4D array in multi-resolution, is that
changing the spatial resolution will also change the temporal resolution. Also, for this
algorithm, the size of the data set has to be the same in all dimensions. In Chapter 6
we will discuss this data representation in detail and also briefly explain these two
approaches and their differences. In the (W)TSP Tree data structures the temporal
dimension is stored in a binary tree in order to provide a multi-resolution view on the
data. Time is stored separately from space, because of the different characteristics of
these dimensions. Here, the same argument holds as above. For the 4D representation
to work, the temporal and spatial dimensions should always be of the same size and
accessed at the same resolution. Furthermore, when data coherence exists in space,
but not in time, or in time, but not in space, this coherence cannot be utilised in a
4D-tree, but it can in the time-supplemented octree, that is the TSP Tree [80]. In the
THI Tree data structure, finally, the time dimension is used for compression. Time is
also stored in a binary tree, but not with the purpose of multi-resolution access. This
binary tree is used to represent the temporal coherence in the data.

With regard to the amount of data compression for the various algorithms, this often
depends heavily on the data itself. The method by Ibarria et al. could, theoretically,
achieve a large data reduction, when the prediction is exact. However, the reduction
is only on the basis of delta encoding. The amount of data reduction for the THI Tree
algorithm also very much depends on the data. In this case, the amount of temporal
coherence in the data is of most importance. Here as well, a large data reduction
could theoretically be achieved, if there is very little change in the data over time. On
the other hand, the spatial overhead of this data structure, or of structures like the
(W)TSP Tree can also be substantial. The method by Baldwin et al. has a flexible
amount of data reduction, because during compression the user can provide values
for the error tolerance or the desired compression rate. Also the THI Tree algorithm
has an error tolerance parameter, with which the user can control the amount of
data reduction. Only the multi-resolution representation by Pascucci and Frank is
straightforward in this respect. In this algorithm, the data is only reordered; there is
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no data reduction, but also no spatial overhead of the data structure.

In the context of this research project, we have further investigated two of the above
data structures. First of all, we studied the THI Tree by Shen [79], because it is
specifically aimed at isosurfacing, and makes smart use of temporal coherence in
the data. This data structure and our extensions to it, are described in detail in
Chapters 4 and 5. Secondly, we studied the multi-resolution data structure using the
Lebesque space-filling curve by Pascucci and Frank [51, 52]. This is a more flexible
data structure, because it is not limited to isosurfacing. Also, because of its multi-
resolution representation, it is more scalable to higher-resolution data sets. This
method will be further explained in Chapter 6.
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Abstract

For the visualisation of time-dependent data sets, interactive isosurface extraction and
rendering is desirable. It allows the user to study the development of a surface shape
in time, such as a moving front or an evolving object shape. For this purpose, the user
must be able to interactively specify an isovalue, and a sequence of isosurfaces must
be visualised, starting from any time step, in forward or backward direction in time.
In this paper, we describe efficient and tightly coupled techniques for time-dependent
isosurface extraction and rendering at interactive frame rates. In preprocessing, we
create data structures from a time-dependent data set that allow real-time extraction
of all isovalue-spanning cells, achieving rates of several hundreds of frames per sec-
ond. These isovalued cells are then passed to a fast hardware-assisted direct point
rendering algorithm for display, thus avoiding time expensive surface construction by
triangulation. This algorithm makes effective use of the available graphics hardware.
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4.1 Introduction

Interactive exploration of large, time-dependent data sets is one of the greatest chal-
lenges in visualisation today. This is especially true for areas such as flow visualisation,
where time-dependent simulations are becoming common practice, and can produce
high resolution grid data sets with many thousands of time steps. In spite of this, sci-
entists investigating these large data sets require interactive visualisation techniques
with which they can browse through the data in both space and time.

When using a flexible, general-purpose visualisation technique such as isosurface ex-
traction for a time-varying data set, it is desirable to interactively change the isovalue,
and watch the development of the surface shape over time. However, extracting and
rendering isosurfaces separately for each time step is generally too slow for interactive
exploration.

Our approach to this challenge is to use specialised data structures allowing very fast
access and data retrieval for answering a specific type of visualisation query, such as in
isosurface extraction. We used a number of criteria in choosing such a data structure.
First, it should do fast isosurface extraction for any isovalue. Second, it should be
suitable for time-dependent data sets. Combining these two, it should be possible to
do incremental surface extraction, or to determine the differences between successive
time steps. Of course, it should be much faster than straightforward isosurface ex-
traction from every time step. Finally, the results of the extraction should be directly
passed to a fast rendering algorithm for display.

We have employed a data structure for fast isosurface extraction from time-dependent
data sets [79]. It is specialised, because it does not allow for other types of visualisa-
tion, but it is generic in the sense that any isovalue can be extracted from any time
step. To make our system achieve interactive frame rates in browsing a data set, we
have directly linked the output of our isosurface extraction with a fast, hardware-
supported direct rendering algorithm [6], resulting in interactive isosurface extrac-
tion and visualisation from time-varying data sets. The direct rendering avoids the
time-consuming construction of polygonal surfaces using a Marching Cubes type of
algorithm [42]. By combining these two methods, and capitalising on incremental
surface extraction, the user can specify an arbitrary isovalue and time step, and the
development of the isosurface can be dynamically visualised in forward or backward
time direction.

This paper is organised as follows. In Section 4.2, we discuss related work in isosurface
extraction techniques from time-dependent data, and suitable rendering techniques
to display the isosurface. Then we will explain the data structures we have used in
Sections 4.3 and 4.4, and the modified shell rendering algorithm in Section 4.5. Some
performance results are given in Section 4.6, and we will reflect on the results and
further work in Section 4.7.
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4.2 Related work

Most data structures for fast isosurface extraction are based on tree representations.
Sutton and Hansen introduced the Temporal Branch-on-Need Tree (T-BON) [89].
This is an extension to the original Branch-on-Need Octree (BONO), described by
Wilhelms and Van Gelder [104]. The T-BON is a version for time-dependent data
sets, but it does not make use of temporal coherence. The data structure is suitable
for fast isosurface extraction.

Shen presents an algorithm for fast volume rendering of time-varying data sets, using a
new data structure, called the Time-Space Partition (TSP) Tree [80]. This structure
could also be adapted for fast isosurface extraction. The TSP tree is capable of
capturing both spatial and temporal coherence in a time-dependent field. Both the
spatial and temporal domain are represented hierarchically in the TSP tree: each node
of the octree representing space, contains a full bintree representing time. Although
this makes multi-resolution access possible for any dimension, it also means a huge
storage overhead.

Shen describes another data structure for isosurface extraction from time-varying
fields, called the Temporal Hierarchical Index Tree [79]. The idea behind this structure
is to store voxels that remain (more or less) constant throughout a certain time span
only once for that entire time span. For our purposes, we decided to use and extend
the latter. We will describe this structure in more detail in the following Sections.

We have made an implementation of this data structure with optimisations for space
efficiency. We have created search routines for retrieving the isosurface-spanning cells
for any isovalue and from any time step, and specialised incremental search routines
that allow an even faster cell search from any time step, given the previous results
from another time step.

For visualisation we implemented two different point-based rendering techniques. The
first, ShellSplatting, is a hardware-accelerated direct volume rendering method that
is based on a combination of splatting [103] and shell rendering [93]. The second is a
much faster, but lower quality, point-based volume rendering method that was created
specifically for the isosurface extraction documented in this paper. The points are
displayed as opaque, flat-shaded polygons that are parallel with the viewing plane.
This is an extreme simplification of systems like QSplat [69] and object space EWA
surface splatting [63].

Both rendering techniques have been tightly coupled with the extraction technique.
The cells that result from the search routines are fed directly into the rendering algo-
rithm, without the need for retrieving the raw data or having to perform interpolation
or triangulation. This high level of integration between extraction and rendering is
an important advantage of our technique.
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4.3 Data structures

Isosurface extraction involves selection of the voxels, or cells, that are intersected by
the isosurface, that is, those cells that contain the isovalue. This means that those
cells must have some vertices with scalar values lower and some with values higher
than the isovalue. To check if a cell is intersected by the isosurface, it is therefore
sufficient to store the extreme values of the cell. It is the main idea for this and other
data structures, that each cell is stored as an interval [mini,maxi], and to check if a
cell is an isosurface cell, we simply check if the isovalue is contained in that interval.

The data structure we used consists of three elements: a binary tree representing time,
and the Span Space and Interval Tree data structures for making an efficient interval
search possible. We will discuss each of these structures in the following Sections,
before describing the Temporal Hierarchical Index Tree in Section 4.4.

We will use the terms voxel and cell alternately throughout this paper. Also, in this
context, the term interval refers to the representation we use for cells or voxels.

4.3.1 Binary Time Tree

An important aspect of the Temporal Hierarchical Index Tree (or THI Tree), is the
use of temporal coherence of cells. Instead of storing all the data set’s cells for each
time step, cells that remain more or less constant (that is, within a certain tolerance)
throughout a given time span, are stored only once for that entire time span.

The basic structure of the THI Tree is a Binary Time Tree, dividing the entire range
of time steps of the data set recursively into smaller and smaller ranges. The nodes
at one level of the binary tree represent a single time step of the data set at a certain
temporal resolution. The temporal resolution doubles with each level of the binary
tree. See for a simple example Figure 4.1 on the next page. In each node of this
binary tree, the cells are stored that remain more or less constant throughout the
corresponding time interval. This means that those cells need not be stored anywhere
in the tree below the current node. This is the main cause for the possibly large data
reduction that can be achieved using this data structure.

The top node of the binary tree represents the entire range of time steps of the data
set. The leaf nodes of the tree represent the single time steps at the highest temporal
resolution. To retrieve the isosurface cells for a certain time step, the binary tree
must be traversed from root to leaf nodes. The cells that are found first, are cells
that remain more or less constant throughout the entire time range. The cells that
are found in the leaf nodes are those that differ with respect to the neighbouring
time steps. Only when the tree has been traversed entirely from root to leaf node, all
isosurface cells have been found.
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Figure 4.1: An example of a Binary Time Tree for 10 time steps.

We still need a way to classify the variance of cells — we need a way to define “more
or less constant” — to determine where the cells should be stored in the Binary Time
Tree. Furthermore, we need a way to store a (possibly large) number of cells in each
binary tree node efficiently, enabling a quick and efficient search for isosurface cells.
Both these problems will be addressed next, when we discuss the Span Space.

4.3.2 Span Space

As stated above, cells are stored in the THI Tree as intervals [mini,maxi], and isosur-
face cells are simply those cells for which the interval contains the isovalue. The Span

Space, as described by Livnat et al. [41], is used to represent intervals [mini,maxi]
as points (mini,maxi) in 2D. The x-coordinate of a point represents the minimum
value, or left extreme, of the interval, and the y-coordinate of the point represents
the maximum value, or right extreme of the interval. See Figure 4.2a.

(a) (b) (c)

Figure 4.2: (a) Intervals represented as points in Span Space. (b) The intervals
spanning a given isovalue Viso are located in the upper left corner from the point
(Viso, Viso). (c) The search for intervals spanning a given isovalue Viso is done in three
steps, corresponding to three regions in Span Space.

For a time-dependent data set, each cell corresponds to multiple points in Span Space,
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one for each time step. The amount of temporal variation of a cell can be quantified
by the amount of variation of the corresponding points in Span Space. For this, it
is useful to define a grid in the Span Space, for example using a lattice subdivision
scheme [81] (see below). As a measure for the temporal variation of a cell, we use
the number of grid elements that the corresponding points in Span Space occupy.
For example, if all points for a cell during a certain time interval are located within
2 × 2 lattice elements, we classify the cell as one of low temporal variation for that
interval, and therefore, the cell has to be stored only once for that time interval, in
the corresponding node of the THI Tree. We use the parameter MaxVariation for
this; in Sections 4.4.1 and 4.6 we will discuss the influence of this parameter on the
accuracy and size of the THI Tree.

The lattice subdivision scheme used, works as follows. A sorted list is created of all
distinct extreme values of all cells from all time steps. From this list, L + 1 scalar
values are found that divide the list into L equal length sublists. These L + 1 scalar
values can then be used to draw the L+1 vertical and horizontal lines in Span Space
to form the lattice.

The Span Space is not only used for quantifying the amount of temporal variation of
the cells, but also for storing the cells in each node of the THI Tree. We store one
Span Space per node of the tree. Because non-leaf nodes of the THI Tree represent
time spans, instead of single time steps, the cells that are stored in the Span Spaces in
these nodes have to be represented by their temporal extremes: a single cell, changing
over a number of time steps, corresponds to a number of points in Span Space (one
for each time step), but will always be represented by a single point, representing the
temporal extreme values.

The points that are stored in Span Space are organised per row of the Span Space.
For each row, two lists of points are maintained, one sorted on the minimum value in
ascending order, and one sorted on the maximum value in descending order. These
lists do not contain the points from the lattice element on the diagonal, because this
element requires a min-max search. Instead, these points are stored in a separate data
structure, an Interval Tree [10]. This structure will be discussed in Section 4.3.3.

When the Span Space needs to be searched for isosurface cells, first, the lattice element
[I, I] is located that contains the isovalue Viso, represented by the point (Viso, Viso).
See Figure 4.2b.

1. For each Span Space Row R,R > I, we search the list that was sorted according
to the minimum values. We collect the cells from the beginning of the list until
the first cell is found with a minimum value greater than the isovalue. Because
R > I, we know that the maximum values are larger than the isovalue, therefore,
all cells found are guaranteed to contain the isovalue.

2. For the Span Space Row I, we search the list that was sorted according to the
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maximum values. We collect the cells from the beginning of the list until the
first cell is found with a maximum value less than the isovalue. Note that,
because we have left out the cells from the diagonal element, all cells in this list
have a minimum value less than the isovalue, and therefore, all cells found are
guaranteed to contain the isovalue. This is the reason why the cells from the
diagonal element are stored in a separate data structure.

3. For the same Span Space Row I, we search this data structure, the Interval
Tree, to find the cells from the lattice element [I, I].

In Figure 4.2c, these three cases are illustrated. The first case corresponds to the
light grey region. The second case corresponds to the dark grey region, which is the
row containing the isovalue. The third case corresponds to the lattice element on the
diagonal, for which only the striped part contains isosurface cells; the white parts
have either a too large minimum, or a too small maximum value.

4.3.3 Interval Tree

The Interval Tree is a data structure that was proposed by Edelsbrunner [13] to re-
trieve from a set of intervals those that contain a certain query value. It has an optimal
efficiency of O(log n). We use the Interval Tree to search for intervals (meaning cells)
that span a given isovalue [10].

An Interval Tree is created as follows. Given a set I = {I1, . . . , Im} of intervals [ai, bi],
we create a sorted sequence of distinct extremes X = (x1, . . . , xh), that is, each ai or
bi is equal to some xj . The Interval Tree consists of a balanced binary tree, whose
nodes correspond to values of X, plus two lists of intervals appended to each non-leaf
node of the tree. In Figure 4.3 on the facing page is a simple example of a small
Interval Tree.

The root of the tree is assigned the “halfway” value δr = x⌈h

2
⌉. The set I is partitioned

into three subsets:

• Il = {Ii ∈ I|bi < δr}; the intervals that are entirely to the left of δr;

• Ir = {Ii ∈ I|ai > δr}; the intervals that are entirely to the right of δr;

• Iδr
= {Ii ∈ I|ai ≤ δr ≤ bi}; the intervals that contain or overlap δr.

The intervals in Iδr
are stored in the root node, arranged into two lists: one containing

all intervals sorted according to their left extremes ai, in ascending order (AL), and
one containing all intervals sorted according to their right extremes bi, in descending
order (DR).
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The left and right subtrees are defined recursively, by considering the interval sets Il

and Ir, and the sequences (x1, . . . , x⌈h

2
⌉−1) and (x⌈h

2
⌉+1, . . . , xh), respectively.

Figure 4.3: An example of a simple Interval Tree for a small number of intervals.

When searching the tree for a given isovalue V , the tree is traversed as follows, starting
at the root:

• if V < δr then list AL is scanned until an interval Ii is found such that ai > V ;
all scanned intervals are returned and the left subtree is traversed recursively;

• if V > δr then list DR is scanned until an interval Ii is found such that bi < V ;
all scanned intervals are returned and the right subtree is traversed recursively;

• if V = δr then list AL is returned.

4.4 Temporal Hierarchical Index Tree

We now have all the tools to construct the Temporal Hierarchical Index Tree. We do
all this in a preprocessing step.

First we classify all cells according to their variance over time, using the Span Space,
in order to determine their locations in the Binary Time Tree. For each cell, an
interval is determined, which is represented as a single point in Span Space. The
variation over time is quantified by the number of grid elements in Span Space that
are occupied by the points corresponding to that cell in each time step. Cells with
a low temporal variation over a long time span are placed high up in the tree. Note
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that the time tree structure is determined a priori, only by the number of time steps.
Therefore, the time intervals which are represented by each node of the tree, are fixed.
Referring to Figure 4.1 on page 64, if a cell remains constant for the time interval
[0, 5], for example, it will be stored in the two nodes [0, 3] and [4, 5], because there is
no node for the interval [0, 5].

Next, we store all cells for a certain node of the tree in a single Span Space, arranging
the cells per row of the Span Space into two lists plus an Interval Tree. We use the
same Span Space, meaning the same lattice subdivision, for every Span Space in the
THI Tree. The list of cells for a single Span Space is divided into sublists using this
lattice subdivision. Each sublist contains the cells for one row of the Span Space.
The cells that belong to the lattice element on the diagonal, are stored in an Interval
Tree, and removed from the sublist. The remaining cells are stored in two separate
lists, the one sorted according to ascending minimum value, the other according to
descending maximum value.

4.4.1 Isosurface cell query

The Temporal Hierarchical Index Tree can be queried for any isovalue at any time
step. First of all, we determine the Span Space lattice element that contains the
isovalue, because all Span Spaces used in the THI Tree use the same subdivision.
Next, the tree is traversed from top to bottom, selecting the correct nodes depending
on the requested time step. In each node of the tree, the corresponding Span Space
is searched, as described above in Section 4.3.2. The cells returned by every search
contribute to the final result, which will be complete when the leaf nodes of the THI
Tree have been reached. The list of cells we have obtained now contains all cells
in the requested time step that span the isovalue, and therefore, all cells that are
intersected by the isosurface. However, cells that are found outside the leaf nodes
of the THI Tree, are represented by their temporal extreme values, measured over a
certain time interval. The fact that these temporal extreme values span the isovalue
does not guarantee that the extreme values for the current time step do so too. This
means that the resulting list of cells contains a number of false positives.

The number of false positives can be controlled, but a reduction of this number will be
at the cost of memory space. There are two parameters to control the accuracy (and
therefore the memory space) of the THI Tree. First, the Span Space grid size can
be adjusted (the parameter L, we discussed in Section 4.3.2); smaller grid elements
result in fewer false positives. Next, another parameter (MaxVariation) defines which
cells are considered as “more or less constant” over time. This parameter corresponds
to the number of grid elements that a single cell, varying over time, may occupy in
Span Space, and still be called constant. Stated otherwise, this parameter defines the
maximum allowed variation of a “constant” cell. Increasing this parameter obviously
increases the number of false positives, but reduces the memory size of the resulting
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THI Tree. Depending on the setting of these two parameters, the number of false
positives ranges from about 0.1% with the largest tree size, up to 5% with the smallest
tree size in our test application. Using the default settings, we get approximately 0.5%
false positives.

4.4.2 Incremental search

The binary tree structure for representing time spans makes it possible to do in-
cremental searching for isosurface cells. Because each node in the tree represents a
certain time span, the information that is known in that node can be used for all time
steps in that span, that is, for all child nodes of that node. For example, let us assume
that a search has been performed for time step 0, and that the resulting isosurface
cells are known. When time step 1 is to be searched next, the tree does not need to
be searched fully. Instead, the previous result can be used, because all the cells that
have been found from the root of the tree down to the node representing time span
[0, 1], can be reused. These cells are identical for both time step 0 and time step 1.
Only the leaf node representing the single time step 1 must be searched. Next, when
time step 2 is to be searched, we need to do a little more “back-tracking”, because
the last common node for time steps 1 and 2 is the node [0, 3].

This can be implemented fairly easily. The search in each node of the tree returns a
number of cells. These cells are appended to a single result vector. For the incremental
search to work, we save the number of cells found so far, that is, the size of the result
vector, in a single vector of integers. This vector is the only space overhead for the
incremental search — at most d integers, where d is the maximum depth of the time
tree.

For an incremental search of any time step tn, we pass the result vector of the previous
search, the integer vector V [d] we just described, and the time step to of the previous
search. Note that these time steps do not have to be consecutive; any two time
steps can be used. The binary tree is then traversed from the root to the leaf node
representing tn. In each node Ni (at depth i), we check whether tn and to are in
this node’s time span. If so, we simply go to the next node, because we can reuse
the first V [i] cells from the result vector. If not, we truncate the result vector after
V [i − 1] cells, because that is the number of cells that tn and to have in common.
The rest of the tree must be searched normally. During this search the result vector
and the integer vector V have to be kept up-to-date. While only causing a negligible
space overhead, this incremental search routine offers a performance gain of a factor
3 in our test application, when we search 50 consecutive time steps incrementally, as
opposed to 50 full searches. In Table 4.1 on page 75 the exact numbers are given
(under “Speed up”) for several different settings of the parameters.
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4.5 Point-based rendering

Making use of traditional triangulation and surface rendering techniques for visuali-
sation would almost negate the advantages of the fast isosurface cell extraction. At
worst, it would entail that the original data would have to be read from disc for all
selected voxels and that surface interpolation would have to be performed with for
example the Marching Cubes algorithm [42].

For us the logical answer was to make use of a point-based direct rendering technique.
We further optimised our ShellSplatting rendering algorithm [6], a combination of shell
rendering and splatting, to take advantage of the a priori knowledge that the voxels
we are dealing with are completely opaque and together constitute an isosurface.
ShellSplatting makes use of special data structures that enable very fast implicit
space leaping and back-to-front or front-to-back traversal from any viewing angle.
This ordering is very important as the technique makes use of Gaussian textured
polygons that are composited and scaled by graphics hardware.

The ShellSplatting technique yields high quality renderings of the extracted isosur-
faces. However, due to the nature of the data structures used, the voxels have to
be ordered in at least the fastest-changing dimension and this slows down the data
conversion stage. We wished to provide a second, much higher speed rendering option.

By opting to use flat-shaded rectangular polygons instead of Gaussian-textured ones,
the ordering constraint could be ignored. In return, the rendering quality would be
slightly lower. In this second method, the polygon that is to be used for rendering
the cells is calculated in the same way as for ShellSplatting.

The polygon is constructed to be parallel to the viewing plane. This is correct for the
orthogonal projection case. Strictly speaking, in the perspective projection case each
rendered polygon should be orthogonal to the viewing ray that intersects it. However,
for efficiency reasons, we make use of slightly larger screen-aligned polygons [33]. The
polygon is also constructed so that we can perform all rendering in isotropic voxel
space and have the graphics hardware perform necessary anisotropic scaling.

To visualise this construction, imagine a three-dimensional ellipsoid bounding a small
neighbourhood around a voxel. If we were to project this ellipsoid onto the projection
plane and then “flatten” it, i.e. calculate its orthogonally projected outline (an ellipse)
on the projection plane, the projected outline would also bound the projected voxel.
A rectangle with principal axes identical to those of the projected ellipse, transformed
back to the drawing space, is used as the rendering polygon.

Figure 4.4 on the next page illustrates a two-dimensional version of this procedure.
In the Figure, however, we also show the transformation from voxel space to world
space. This extra transformation is performed so that rendering can be done in the
isotropically sampled voxel space, even if the volume has been anisotropically sampled.
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Alternatively stated, the anisotropic volume is warped to be isotropic. The voxel-to-
model, model-to-world, world-to-view and projection matrices are concatenated in
order to form a single transformation matrix M with which we can move between the
projection and voxel spaces.

VoxelWorldProjection

Figure 4.4: Illustration of the calculation of the voxel sphere in voxel space, trans-
formation to world space and projection space and the subsequent “flattening” and
transformation back to voxel space [6].

A quadric surface, of which an ellipsoid is an example, can be represented in matrix
form as follows:
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Such a surface can be transformed with a 4 × 4 homogeneous transformation matrix
M as follows:

Q′ = (M−1)T QM−1 (4.1)

A voxel bounding sphere in quadric form Q is constructed in voxel space. Remember
that this is identical to constructing a potentially non-spherical bounding ellipsoid

in world space. In this way anisotropically sampled volumes are elegantly accommo-
dated.
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This sphere is transformed to projection space by making use of Equation 4.1. The
two-dimensional image of a three-dimensional quadric of the form

Q′ =

[

A b
bT c

]

as seen from a normalised projective camera is a conic C described by C = cA −
bbT [87]. In projection space, C represents the two-dimensional projection of Q on
the projection plane.

An eigendecomposition CX = Xλ can be written as

C = (X−1)T λX−1

which is identical to Equation 4.1. The diagonal matrix λ is a representation of the
conic C in the subspace spanned by the first two eigenvectors in

X =

[

R t
0T 1

]

where R and t represent the rotation and translation sub-matrices respectively. The
conic’s principal axes are collinear with these first two eigenvectors.

In other words, we have the orientation and length of the projected ellipse’s principal
axes which correspond to the principal axes of a voxel bounding sphere that has
been projected from voxel space onto the projection plane. Finally, these axes are
transformed back into voxel space with M−1 and used to construct the rectangles
that will be used to render the voxels.

The list of cells extracted from the THI Tree is uploaded to the graphics pipeline in
arbitrary order as a list of view plane parallel polygons. Because all polygons are
non-textured and completely opaque, their ordering is not important. As explained
above, scaling is done in hardware, so anisotropic volumes are handled correctly.

Figure 4.5 on the facing page shows a single time step of a sample data set rendered
with the ShellSplatter and the fast point-based renderer. The ShellSplatted rendering
on the left shows the typical fuzziness often associated with splatting-based rendering
methods whilst the fast point-based rendering on the right appears slightly jagged
due to the use of flat-shaded quads.

4.6 Results

We have used two data sets for testing the performance of the THI Tree and the
renderer. The first is a 963 data set of an air bubble rising in water and breaking
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Figure 4.5: Example renderings of a single time step. On the left the high quality
ShellSplatting is shown, on the right the faster simple point-based renderer output is
shown.

through the surface 1. This data set consists of 50 time steps (“bubble”). The second
data set is obtained from a fluid dynamics simulation, and contains turbulent vortex
structures 2. The size of this data set is 643 × 100 time steps (“vorticity”).

The extraction and rendering performance was measured on a 2.4 GHz Pentium 4
with 1 GB of memory and a 128 MB GeForce 4 Ti4600 graphics card.

4.6.1 THI Tree size

The memory size of the Temporal Hierarchical Index Tree for the 50 time steps of the
bubble data set is about 132 Megabytes. The vorticity data set results in a tree size
of about 556 Megabytes. This huge difference has to do with the variability of the
data and can be illustrated by examining the number of cells in each of the nodes of
the tree.

There are two parameters that influence the size of the data structure, and thereby
of course, also performance and accuracy.

First, the size of the Span Space can be changed, that is, the number of rows or
columns in the Span Space. This affects the number of cells in each row, the number
of Interval Trees in the Span Space (one for each row), and the number of cells that
has to be stored in each Interval Tree.

However, the total number of cells in the Span Space is not affected, therefore, the

1Data courtesy S. P. van der Pijl of Delft University of Technology.
2Data courtesy D. Silver and X. Wang of Rutgers University.
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memory size of the Span Space will hardly change. Only the vector representing the
Span Space boundaries is affected by this parameter, but this vector is stored only
once for the entire THI Tree. But if the Span Space contains fewer grid elements,
meaning that the grid elements are larger, then cells will sooner be considered constant
for a longer time span, and therefore these cells will be stored higher up in the THI
Tree, thus reducing the overall size of the data structure. The downside is that more
false positives will be found. Accuracy is traded off for memory size.

The same applies to the MaxVariation parameter, which indicates how many grid
elements cells may span, and still be considered constant. Thus, without changing
the size of each Span Space, we can control the level at which the cells will be stored
in the THI Tree. This way we are able to reduce the total memory size of the tree,
but at the cost of increasing the number of false positives that will be found.

In Table 4.1 on the next page a few performance characteristics of the Temporal
Hierarchical Index Tree are shown. We have used the bubble data set (see Figure 4.6)
for determining the influence of the two parameters discussed above. We created THI
Trees with 3 variants of each of the two parameters: for the Span Space size, we used
values of 32, 64 and 128, and for the MaxVariation we used 1, 2 and 3 grid elements.

Cells in our data structure are represented by a cell id, a minimum and maximum
value, and a gradient. We compared the size of the THI Tree to the raw data size,
meaning simply the number of time steps × the number of cells × the memory size
of one cell.

Figure 4.6: A single time step from the bubble data set. The GUI contains sliders for
interactively changing the isovalue and the current time step.
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Bubble data set, size: 963 × 50 time steps
Raw size of cell data: 981 MB
SpanSpaceSize 32 64 128 64 64 64
MaxVariation 2 2 2 1 2 3
THI Tree size (MB) 89.2 132.6 193.4 355.3 132.6 96.7
% of raw data 9.1% 13.5% 19.7% 36.2% 13.5% 9.9%
Search (ms) 8.2 8.4 9.0 9.0 8.4 8.1
SearchIncr (ms) 2.0 2.5 2.9 2.7 2.5 2.1
Speed up 4.1 3.4 3.1 3.3 3.4 3.9

Table 4.1: Time and space performance of the THI Tree for different values of the
parameters SpanSpaceSize and MaxVariation.

4.6.2 Surface cell extraction

The THI Tree data structure provides a very quick way to search for isosurface cells. In
our bubble data set the time for extraction of the isosurface cells for a single time step
takes on average approximately 8.4 milliseconds. When we use the incremental search
algorithm we can achieve even higher rates: incrementally searching the isosurface
cells in 50 consecutive time steps costs about 126 milliseconds. This corresponds to
395 frames per second, or 2.5 milliseconds per frame. In the vorticity data set the
average rate of extraction for the 100 time steps is 1186 frames per second.

Referring to Table 4.1, the row “Search (ms)” displays the average extraction time
(in milliseconds) of the isosurface cells from a single time step. The next row shows
the same, but with the use of our incremental search routine. The last row shows
the speed-up of the incremental search, compared to the normal search. In compar-
ison, the average isosurface extraction time for a single time step, using the VTK
implementation of Marching Cubes is about 134 milliseconds. This number can be
compared to the 8.4 milliseconds for our normal search, or the 2.5 milliseconds for
our incremental search.

4.6.3 Rendering performance

We tested the two renderers, both the high quality ShellSplatter and the lower quality
fast point-based renderer, with the two data sets. The average frame rates for the
total pipeline of extraction and rendering (of 512×512 images) are shown in Table 4.2
on the following page.

Compared to the extraction times, the rendering is the processing bottleneck. The
numbers in this Table are rates for combined extraction and rendering, but 80% to
98% of the time is used in the rendering step, depending on the type of renderer used.
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Rendering mode Bubble Vorticity
High quality 11.1 20.4
Fast 67.4 135.7

Table 4.2: Average rendering frame rates (in fps) for the two data sets, both in high
quality and in fast rendering mode, for 512 × 512 images.

For the rendering, the number of isosurface cells is the most important factor. The
average number of isosurface cells extracted from the bubble data set for the chosen
isovalue is 16291; for the vorticity data set, the number of isosurface cells is on average
7617 per time step.

4.7 Conclusions and future work

We have described techniques for fast isosurface extraction and direct rendering from
time-varying data sets. In a preprocessing step, data structures are generated that
allow us to retrieve the isovalue-spanning cells at any time step and for any isovalue
with high frame rates. Incremental searching uses temporal coherence to further speed
up the extraction process. The extracted cells are rendered directly with a fast point-
based rendering technique, displaying a shaded quadrangle at each pixel at high frame
rates. No visibility ordering is needed in this case, so the overall speed is not reduced
by an intermediate data conversion step. A high quality rendering technique based on
ShellSplatting does require visibility ordering, but can still achieve interactive frame
rates for a 963 data set. In an interactive environment, the fast rendering can be used
during interaction, while the high quality technique can be automatically invoked
when the input queue is empty. We will integrate this in our VR data exploration
system.

With this work, our main contributions are the fast incremental search and the in-
tegration of the fast isospanning-cell extraction and rendering stages. We have also
attempted to further optimise the search data structures for space efficiency. Even
more improvement is possible by using compression techniques, as recently proposed
by Bordoloi and Shen [5].

However, in order for our technique to be truly scalable to very large data sets, out-
of-core functionality is required. We are currently working on an out-of-core version
of the THI Tree in which a limited number of time steps remain in memory, and
new time steps are loaded on demand. This completely overcomes the huge memory
requirements and makes it possible to visualise very large trees also on systems with
only a small amount of memory.

There are two possible sources of error in the display of the isosurfaces that must be
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investigated further. Although this did not show up in the test images, the rendering
of false positive cells may cause artifacts. Also, the surface normals are stored only
once over a time interval that is considered “more or less constant”. This also did not
have any noticeable effect in the images, but we will analyse the extent of the errors
caused.

4.8 Epilogue

This Chapter was presented as a paper at the Spring Conference on Computer Graph-
ics in 2004. As was described in the previous Section, further research is necessary to
make the technique truly scalable to very large data sets. In the form in which the
technique has been presented in this Chapter, the size of the THI Tree data structure
is limited to the amount of main memory available. In order to remove the limitations
on the size of the data set, the THI Tree data structure and algorithms have to be
adapted for out-of-core application.

We have continued our research on this data structure to do just that. We have
created an out-of-core version of the THI Tree and the accompanying algorithms,
with which it is possible to handle data sets that are much larger than the size of the
computer’s main memory. In the following Chapter, these extensions and adaptations
will be described in detail.
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Abstract

We present a combination of techniques for interactive out-of-core visualisation of
isosurfaces from large time-dependent data sets. We make use of an index tree,
computed in a preprocessing stage, which effectively captures temporal coherence in
the data set. This tree data structure enables fast extraction of all isovalue-spanning
cells from any time step and for any isovalue. For very large time-dependent data sets,
such as those resulting from CFD simulations, this data structure can easily become
too large to fit in main memory. Therefore, we have adapted the generation of the
data structure, as well as the data structure itself for out-of-core application. During
generation, the data set is spatially divided into several regions, each resulting in a
separate tree. For visualisation, the application uses all these trees simultaneously,
but will use only part of each of the trees. Only a user-specified time window will
be kept in main memory and other parts of the tree will be read and released on
demand. Finally, to avoid time-consuming triangulation and surface reconstruction,
we have used a hardware-assisted direct point rendering algorithm for displaying the
isosurfaces. These combined techniques allow interactive exploration and visualisation
of very large time-varying data sets on a normal PC.
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5.1 Introduction

One of the greatest challenges in visualisation today, is the interactive exploration
of large, time-varying data sets. Especially in areas such as flow visualisation, time-
dependent simulations are becoming common practice, and can produce high reso-
lution grid data sets with many thousands of time steps. In spite of the huge size,
scientists investigating these data sets need interactive visualisation techniques with
which they can browse through the data in both space and time.

Flexible, general-purpose visualisation techniques such as particle tracing, volume
rendering, or isosurface extraction are in general not fast enough for time-dependent
exploration, or for interactive control of the visualisation parameters. For example,
when using isosurface extraction for a time-varying data set, it is desirable to interac-
tively change the isovalue, and watch the development of the surface shape over time.
However, extracting and rendering a new isosurface for each time step is generally
too slow for interactive exploration.

Our approach to this challenge is to use a specialised data structure allowing very fast
access and data retrieval for answering a specific type of visualisation query. We used a
number of criteria in choosing such a data structure. First, it should do fast isosurface
extraction for any isovalue. Second, it should be suitable for time-dependent data sets.
Combining these two, it should be possible to do time-dependent or “incremental”
surface extraction, or to determine the differences between successive time steps. This
means the data structure should exploit temporal coherence in the data. Of course,
it should be much faster than straightforward isosurface extraction from every time
step separately. Finally, the results of the extraction should be directly passed to a
fast rendering algorithm for display.

We have employed a data structure for fast isosurface extraction from time-dependent
data sets [79]. To make our system achieve interactive frame rates in browsing a
data set, we have directly linked the output of our isosurface extraction with a fast,
hardware-supported direct rendering algorithm [6], resulting in interactive isosurface
extraction and visualisation from time-varying data sets. The direct rendering avoids
the time-consuming construction of polygonal surfaces using a Marching Cubes-type
of algorithm [42]. By combining these two methods, and capitalising on temporal
coherence, the user can specify an arbitrary isovalue and time step, and the devel-
opment of the isosurface can be dynamically visualised in forward or backward time
direction (see Figure 5.1 on the next page).

However, the tree data structure used may become too large to fit in main memory.
We have overcome the huge memory requirements for creation and use of this data
structure. For this, we have adapted the data structure for out-of-core application.
We designed and implemented an intelligent paging scheme to enable interactive out-
of-core isosurface extraction and rendering on a regular PC.
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This paper is organised as follows. In Section 5.2, we discuss related work in isosurface
extraction techniques from time-dependent data, suitable rendering techniques to
display the isosurface, and out-of-core techniques. Then we will briefly explain the
data structures we have used in Section 5.3, together with the out-of-core algorithms
and adaptations in Sections 5.4 and 5.5. The results will be discussed in Section 5.6,
and we will give our conclusions and directions for future work in Section 5.7.

Figure 5.1: A 2563 data set of air bubbles rising in water. See also colour Figure C.9.

5.2 Related work

Many techniques for fast isosurface extraction are based on tree representations. Sut-
ton and Hansen introduced the Temporal Branch-on-Need Tree (T-BON) [89]. This is
an extension to the original Branch-on-Need Octree (BONO), described by Wilhelms
and Van Gelder [104]. The T-BON is a version for time-dependent data sets, but
it does not make use of temporal coherence. The data structure is suitable for fast
isosurface extraction.

Shen presents an algorithm for fast volume rendering of time-varying data sets, using
a new data structure, called the Time-Space Partition (TSP) Tree [80]. This struc-
ture could also be adapted for fast isosurface extraction. The TSP tree is capable
of capturing both spatial and temporal coherence in a time-dependent field. Both
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the spatial and temporal domain are represented hierarchically in the TSP tree: each
node of the octree representing space, contains a full bintree representing time. Al-
though this allows multi-resolution access in any dimension, it involves a huge storage
overhead.

Shen describes another data structure for isosurface extraction from time-varying
fields, called the Temporal Hierarchical Index Tree [79]. The idea behind this structure
is to store voxels that remain approximately constant throughout a certain time span
only once for that entire time span. Within this data structure, two other data
structures are used. First, the Span Space representation, as introduced by Livnat et
al. [41], is used to store intervals in a two-dimensional space. Second, Interval Trees,
described by Cignoni et al. [10], provide an optimal interval search algorithm.

Bordoloi and Shen [5] presented an algorithm for storing intervals more efficiently
than in the Span Space, using transform coding.

Recently, Gregorski et al. [15] presented a technique for progressive isosurface extrac-
tion with adaptive refinement from compressed, time-dependent data sets. However,
they are restricted to playing forward and backward in time. The vertex programming
capabilities of modern graphics hardware are used to speed up the surface extraction.

Pascucci also uses the vertex programming capabilities of modern graphics hard-
ware [50]. In his approach, the workload is distributed between the CPU and the
graphics card. A tetrahedral decomposition of the domain is used. The application
draws one quad per tetrahedron; the vertex program on the graphics card does the
interpolation to find the position of the vertices of the isosurface, and computes the
normal of the isosurface.

For our purposes, we decided to use and extend the Temporal Hierarchical Index Tree
by Shen [79]. We will describe this structure in more detail in the following Sections.

We have made an implementation of this data structure with optimisations for space
efficiency. We have created search routines for retrieving the isosurface-spanning cells
for any isovalue and from any time step, and specialised incremental search routines
that allow an even faster cell search from any time step, given the previous results
from another time step [96].

We wanted to overcome the huge memory requirements both during creation of the
data structure and in interactive visualisation, when the data structure is used. There-
fore we have designed a paging scheme for this tree data structure that makes out-of-
core tree building and extraction possible for very large data sets. In the application
program, this data structure is suitable for paging per time step, unlike for example
the TSP tree. Recently, Chiang presented a technique for out-of-core isosurface ex-
traction from time-varying fields [8], which uses as the basic data structure a time
tree similar to the one described here. The underlying structures of his technique are
however optimised for I/O and out-of-core computation. We have focused on both
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fast extraction and rendering and afterwards adapted the data structure and added
the paging scheme. We did not try to create I/O-optimal data structures and algo-
rithms; we used this scheme because it suits our data structure. For an overview of
out-of-core algorithms for computer graphics and visualisation, we refer to the survey
by Silva et al. [82].

For visualisation we developed two different point-based rendering techniques. The
first, ShellSplatting, is a hardware-accelerated direct volume rendering method that
is based on a combination of splatting [103] and shell rendering [93]. The second is a
much faster, but lower quality, point-based volume rendering method that was created
specifically for the isosurface extraction documented in this paper. The points are
displayed as opaque, flat-shaded polygons that are parallel with the viewing plane.
This is an extreme simplification of systems like QSplat [69] and object space EWA
surface splatting [63].

Both rendering techniques have been tightly coupled with the extraction technique.
The cells that result from the search routines are fed directly into the rendering algo-
rithm, without the need for retrieving the raw data or having to perform interpolation
or triangulation. This high level of integration between extraction and rendering is
an important advantage of our technique.

5.3 Temporal index tree

Isosurface extraction involves searching the cells that are intersected by the isosurface,
which means that they contain the isovalue. Therefore, each of these cells must be
enclosed by vertices of which at least one has a scalar values lower and at least one
has a scalar value higher than the isovalue. To check if a cell is intersected by the
isosurface, it is sufficient to store the extreme values of the cell.

It is the main idea for the data structure we will describe next, that for each cell only
an interval [mini,maxi] is stored. To check if a cell is an isosurface cell, we check if
the isovalue is contained in that interval.

We have used and modified the Temporal Hierarchical Index Tree data structure [79].
This data structure makes use of temporal coherence in the data set by storing cells
that remain (approximately) constant over a certain time span, only once for that
time span.

The basic structure of our index tree is a binary time tree in which each node repre-
sents a time range — the root node represents the data set’s entire time range, the
leaf nodes represent the individual time steps. (See Figure 5.2 on the facing page.)
To retrieve the data for a particular time step, we will need to traverse the tree from
root to leaf nodes and collect the data found in each node.
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Figure 5.2: An example of a binary time tree for 10 time steps.

In each of the nodes of this binary tree, cells are stored that remain (approximately)
constant for that time span. This implies that those cells need not be stored anywhere
below that node. Any descendant of a node represents a sub-span of that node’s time
span, so there is no need to store the cell in the descendant. This is the cause of
the potentially large data reduction that can be achieved with this tree structure. Of
course, it very much depends on the amount of temporal coherence in a data set. In
the worst case, there will be no coherence between successive time steps and all the
data will be stored in the leaf nodes of the tree. No data reduction can be achieved
in that case. On the other hand, the best possible compression will be achieved when
all time steps are similar — all the data will be stored in the root node, and the total
amount of data will be equal to the amount of one time step.

5.3.1 Tolerance

We need a tolerance criterion to determine when a cell is considered constant. We
have implemented two different criteria, which we call absolute and relative, from
which the user can choose. However, more can be devised and easily implemented.
In both cases, the user can specify a tolerance percentage.

In the absolute criterion the tolerance used will be the given percentage of the entire
data set’s min-max-range. More precisely, we compute the tolerance as follows:

T = t × (maxg − ming), (5.1)

where t is the user-provided tolerance percentage; maxg and ming are the data set’s
global minimum and maximum. This criterion can be used when the data values will
be more or less evenly distributed; for every data value, the same tolerance will be
used.
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In the relative criterion, the given percentage will be taken relative to the current
value. For example, a relative tolerance of 1% means that a value of 1.0 may deviate
by ± 0.01, but a value of 10.0 may deviate by ± 0.1. This type of criterion can be
used if the data can be expected to be distributed around a certain value, or if one
data value is likely to be picked for the isovalue.

The value of the tolerance parameter influences the construction of an index tree.
The results (the size of the data structure, the accuracy of the data structure, and
with that the accuracy of the rendering, and the speed of the isosurface cell search)
strongly depend on the value of this parameter. But even if the connection between
the parameter and the results is intuitively clear, it is not obvious to state the best
possible value.

The parameter determines the amount of variance a cell is allowed to have over time
and yet be called constant. Obviously, this value should not be too large, otherwise
important variations will not be apparent in the results. The value should also not
be too low, because then little or no temporal coherence will be found, which would
undermine the whole purpose of the binary time tree.

On the other hand, the amount of temporal coherence is a property of the data set.
In a very “turbulent” data set, there will be hardly any coherence, but in a “stable”
data set, there will be very much.

Ideally, we would like to quantify the overall amount of coherence in a data set and
automatically determine the best tolerance parameter for that amount.

Even if we could do this, the question remains what is best. There are several criteria
to choose from. For example, the best case with respect to the size of the data
structure would be to choose a very high tolerance. This will cause many cells to be
called constant and therefore result in all cells being stored in the root node of the
binary tree. We get the best possible compression, but the worst possible accuracy.
On the other hand, the best case with respect to accuracy would be to have the
tolerance set to 0. This will result in most of the cells being stored in the leaf nodes.
The compression will be almost 0 and the speed will be very low.

For our purposes, the optimal case will be somewhere in between, having a good
amount of compression, but also still a good accuracy. In fact, the highest search
speed for a single time step will be obtained when all tree nodes contain about the
same number of cells. This is what we will aim for.

5.3.2 Index tree building

When creating an index tree, we start by building the structure of the binary time
tree. Note that this structure is determined a priori, only by the number of time
steps. Therefore, the time ranges which are represented by each node of the tree are
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fixed.

From the structure of this tree, and the possible time ranges that can be stored in
each node of the tree, we can start classifying the cells in the data set. For each cell,
we generate a time-vector v containing the cell’s values for each time step. Given
this 0D time-dependent data set, (being the temporal evolution of one cell) we start
traversing the binary time tree. Referring to Figure 5.2 on page 85, we start at the
root node, with time range [0, 9], and check if the current cell remains (approximately)
constant for this range. For this we need the cell’s time-vector v[0] to v[9]. If the cell
satisfies the tolerance criterion for this time range, we store the cell in the current
binary tree node. If not, we recursively descend the tree and check the child nodes
[0, 7] and [8, 9].

To determine if a cell remains constant over a certain time range, we compute its
temporal extreme values. Because a cell itself contains a minimum and a maximum
value, we compute temporal extremes for both the minimum and the maximum.
These will be treated similarly. Let’s call the minimum L, for left extreme, and the
maximum R, for right extreme. Then, using the absolute criterion, we would check if
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Note that if the cell is stored, for example, in node [8, 9], meaning that the above
criteria return true, its value is called constant for time steps 8 and 9, and there is no
need to store the cell in either of the nodes [8] and [9].

Note also that a cell that remains constant for the time range [0, 5], for example,
will be stored in the two nodes [0, 3] and [4, 5], because there is no node for the range
[0, 5]. Moreover, we wouldn’t even know the cell remains constant for that time range,
because that range will never be checked. Only the ranges that are represented by
binary tree nodes will be checked.

If a cell is stored in a node of the binary time tree, we store the cell’s id and extreme
values. For non-leaf nodes, representing a time range instead of a single time step,
this means we have to store the temporal extreme values of the cell. For rendering, we
also need a normal (or normalised gradient) for each cell. Non-leaf nodes represent
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a time range, meaning there are several normals to choose from. Currently, we pick
one, for example the middle one; an average normal might be better, although we
have not noticed any artefacts with our method.

After all cells have been classified and stored in the binary time tree, they will be
reorganised per tree node. In each of the tree nodes, we have maintained a vector of
cells. For efficient interval searching, these cells will be rearranged into an Interval

Tree [10]. This is where we deviate from the original data structure as described by
Shen [79]. He uses another data structure, called the Span Space, in which intervals
are stored as 2D points. We have also implemented this data structure, but eventually
rejected it, the biggest disadvantage being that it is very unintuitive. Furthermore,
the Span Space in combination with the Interval Trees, as in the original article,
does not result in much higher search speed or more efficient storage, than just using
Interval Trees.

In our structure, one interval tree will be created in each binary tree node. This
structure and its construction are fairly straightforward and described in detail by
Cignoni et al. [10] and in our previous work [96]. Therefore, we will not discuss it any
further in this article.

5.4 Out-of-core tree building

During the creation of the index tree, we have to iterate through all cells in the data
set, determine a time-vector for each cell and store each cell in the right node(s) in
the index tree. We need a time-vector for each cell, because we want to determine
the time spans in which the cell remains constant. This poses a number of problems.

5.4.1 XYT files

From a practical point of view, the usual way in which time-dependent data sets are
stored, is not very well-suited for this purpose. Normally, for each time step a field is
stored in a separate file, so the same grid point in different time steps can be located
at the same offset in different files. When we need to construct a time-vector for a
certain cell, we have to open and search in all files. Either we have to keep all files
opened simultaneously, or open and close all files for each cell.

We decided to transpose the entire data set in preprocessing. Instead of storing
(x, y, z) data in each file and a separate file for each time step, we transformed the
data set to files with (x, y, t) data and with each file representing a different z. Here
we assume a regular, Cartesian grid. Of course, other subdivisions are possible, as
long as the temporal data for one grid point can be obtained from a single file.
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5.4.2 Multiple trees

There is another obstacle when constructing the index tree. Each cell’s time-vector is
split into a number of time ranges over which the cell remains constant. Then, the cell
is stored in the index tree nodes corresponding to those time ranges. In each of these
nodes, the cell is appended to a (potentially very large) list of cells for that node.
Because each cell may be stored in a number of index tree nodes, it is essential, for
efficiency reasons, that we should try to keep the entire index tree in main memory
during construction.

Of course, it could be possible to store each index tree node separately on disk during
construction, but that would involve a lot of extra disk I/O for every single cell.

Instead we decided to keep as much as possible in main memory, but split the entire
data set into several trees. Because of the file layout just described, we decided to
split the data set in the z direction. For example, for a 2563 data set, we have 256
files, each containing (x, y, t) information for a different z value. We could then create
16 index trees, each for a layer of 16 z slices thick. Or 32 trees of 8 slices, or 4 trees
of 64 slices. Each of these trees separately can be kept in main memory, so there is
no unnecessary disk I/O during construction. When a layer has been completed, the
current index tree can be written to disk and cleared from memory, and the next z

slice will start a new index tree.

This approach does not give any noticeable space overhead compared to using a single
tree. The total disk space needed for all trees is equal to the space needed for a single
full tree. In the application program almost no extra processing is required to use
multiple trees compared to using a single large tree. In fact, the application just
iterates over the array of trees and performs the same function for each individual
tree. For an isosurface query, the cells returned by the queries on the individual trees
are then concatenated.

Another advantage of using multiple trees, is that we can easily add trees that repre-
sent other quantities, meaning we can render several isosurfaces simultaneously. As
an extension to this concept, we can also reuse a single tree, enabling us to render
several isosurfaces with different isovalues from a single quantity. To the program,
these concepts are almost identical. In all cases, we iterate over the array of trees,
and for each tree we perform an isosurface cell search. In one case, the isovalues will
be the same for each tree, but every tree represents another piece of the data set. In
another case, the trees will actually represent the same data, but we will search for
different isovalues, and the last case is that we have different trees, each representing
another quantity, and each having its own isovalue.

A fourth case is possible, when we have trees representing the same data set and the
same quantity, but a different time range. Of course, this is sub-optimal. We should
always try to use the data set’s entire time range, in order to find the most temporal
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coherence. If, somehow, it would not be possible to create index trees for the entire
time range, for example because the simulation is still running, it is possible in this
way to visualise a time range using several trees. The time ranges for the individual
trees will be joined to form one large time range. The difference with the other cases
is that at any time only a single index tree will match the current time step, whereas
in the other cases all index trees represent the entire time range and thus all trees
will always match the current time step. Again, not using the entire time range is
sub-optimal. For example, if a data set consisting of 100 time steps is divided into 10
index trees of 10 time steps, it is not possible to find any temporal coherence with a
length of more than 10 time steps. This will obviously have a negative impact on the
compression ratio.

5.5 Out-of-core visualisation

5.5.1 Time window

During visualisation, we may have a different memory problem. Although we can
split the data set into layers during construction of the index tree, we cannot do
this during visualisation, as we would like to see the data set’s entire spatial extent
at once. Therefore, we will have to read all constructed index trees simultaneously.
However, we do not need to have all time steps in memory at the same time. We
created an intelligent paging scheme that allows us to read only a limited number
of consecutive time steps from the index trees into main memory. The structure of
the index tree enables us to incrementally read new time steps and remove old time
steps from memory. This is the basic idea of our sliding time window concept. We
assume this corresponds very well to the way scientists will browse through the data
set. We assume the user will normally play through the time steps coherently, either
forward or backward. This corresponds to our incremental reading of new time steps.
Sometimes, the user may browse a few frames backward and forward, within the
time window. If a large jump in time is requested, this will cause a delay, because a
completely new time window will have to be read. We assume this is a minor problem,
because random jumps in time will probably not happen very often.

As an example, let’s take the same binary time tree as in Figure 5.2, representing a
data set with 10 time steps. Assume we have a time window containing the 5 time
steps [3, 7]. In Figure 5.3 on the facing page we have depicted which nodes of the tree
will be in main memory. If the time window is shifted one time step to the right, the
nodes [8, 9] and [8] will have to be read from disk. The node [0, 9] does not have to
be read from disk because it is already in main memory. In fact, the root node will
always be in main memory, because it is needed for all time steps. While we need to
read extra tree nodes from disk on the one side, we can remove nodes from memory
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on the other side: time step 3 is no longer needed, therefore we can delete the nodes
[0, 3], [2, 3] and [3] from main memory.

Figure 5.3: A binary time tree with a time window [3, 7]. Only the coloured nodes
will be kept in main memory.

Knowing this, we can define the memory requirements for our algorithm. Evidently,
the minimal amount of memory needed is just the space that is needed to store a
single time step.

5.5.2 Adaptations to the data structure

To make the time window possible, a number of changes have been made to the index
tree data structure. The skeleton of the binary time tree will always be kept in main
memory. This means that the tree structure will always be available, together with
the time span information in each node. Using this structure, we can easily identify
which tree nodes have to be traversed to obtain the data for a certain time step. Only
the cell data, which is stored in the interval trees in each of the nodes of the index
tree, will be eligible for paging to and from disk.

Each index tree is stored as one large binary file on disk. When we have to read the
interval tree for a specific index tree node from disk, we need the file offset and the
number of bytes to read from our disk file. These two numbers are stored with each
node of the index tree.

In fact, the number of bytes is not necessary for reading an interval tree from disk.
The entire index tree, but also the individual interval trees will be reconstructed in
memory on the fly, while reading from disk. Therefore, we do not have to know in
advance the number of bytes to read. However, the number is necessary when the
interval tree is not read; when only the structure of the index tree is read, without
the data in the interval trees, it is necessary to know how many bytes to skip to find
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the file offset for the next tree node to read.

This way, the structure of the index tree can be read entirely from disk, without
reading any data. The tree then occupies only a few hundred bytes in memory. Next,
whenever a time step is requested, the appropriate tree nodes will be read from disk.

When a tree node has to be freed, the interval tree for that node is simply removed
from memory.

Of course, we must keep track of which tree nodes currently are in main memory.
To this end, we have added a single boolean variable to each tree node. We say a
tree node is in memory if the interval tree for that tree node is in memory. Again,
the index tree structure remains in memory at all times, and therefore, all index tree
nodes also exist in memory permanently. Only the interval tree in an index tree node
can be paged in and out of memory.

5.5.3 GUI feedback

To provide the user with feedback about the time window, we have designed a GUI
element to show a bar from the first to the last time step of the window, with an
indicator at the current time step. (See Figure 5.4.)

Figure 5.4: The GUI element that shows the time window and current time step.

Because reading new time steps will certainly be slower than visualising them, the
visualisation will, in the end, catch up with the last time step of the time window.
This is of course dependent on the size of the time window and on the frame rate of
the player. It can happen that the user will notice a delay. Therefore it is desirable
for the user to get feedback. He will see that the visualisation is catching up with the
reading of new time steps and be prepared that he will have to wait. Or, he could
slow down the visualisation by lowering the frame rate. Finally, he could also increase
the time window if memory size allows this.
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5.5.4 Multi-threading

In order to let the visualisation run independently from the reading of time steps from
disk, to prevent unacceptable delays, we have decided to use a multi-threaded design
for our program. The main thread of the program is concerned with the visualisation.
When a certain time step is selected by the user this thread ensures that the part of
the index tree containing that time step is resident in memory. If necessary, it will
read the corresponding tree nodes from disk. Next, it will perform an isosurface cell
search and visualise the result. In the mean time, the second thread is awakened and
this thread will start reading new time steps, from the current time step in both time
directions, until the requested number of time steps (specified as the window size)
has been read in from disk. This could take some time, especially if all time steps in
the time window have to be read, but as it happens in a separate thread, the user
might not notice anything, while he is investigating the current time step. Of course,
when the user simply plays through the data set, only one time step will have to be
read at a time, in which case interactive browsing is quite feasible. A third thread
has been designed to perform the task of cleaning up unused time steps. This thread
will remove all nodes in the tree that are not needed for the current time window.

These last two threads both consist of an infinite loop in which they are suspended
while waiting for a signal. The main thread broadcasts the signals whenever a new
time step is selected.

5.5.5 Point-based direct rendering

After extracting the cells intersected by the isosurface it would be possible to construct
a polygonal mesh for each frame and visualise this using polygon rendering. However,
this would take away the advantage of the fast access data structure, as the original
data would have to be read from disk in order to perform surface reconstruction using
for example the Marching Cubes algorithm [42].

To avoid this, we have used a point-based direct rendering algorithm [96]. We further
optimised our ShellSplatting rendering algorithm [6], a combination of shell render-
ing and splatting, to take advantage of the a priori knowledge that the voxels we
are dealing with are completely opaque and together constitute an isosurface. Shell-
Splatting makes use of special data structures that enable fast implicit space leaping
and back-to-front or front-to-back traversal from any viewing angle. This ordering is
very important as the technique makes use of Gaussian textured polygons that are
composited and scaled by graphics hardware.

The ShellSplatting technique yields high quality renderings of the extracted isosur-
faces. However, due to the nature of the data structures used, the voxels have to
be ordered in at least the fastest-changing dimension and this slows down the data
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Data set Bubbles Clouds
Resolution 256 × 256 × 256 128 × 128 × 80
# Time steps 39 600
Raw data size 4 992 MB 3 000 MB
# index trees 16 8 6 8
xy-resolution 256 × 256 256 × 256 128 × 128 128 × 128
z-resolution 16 32 80 10
# Time steps 39 39 100 600
Total size 3 170 MB 1 630 MB 824 MB 750 MB

Table 5.1: Details of the two data sets and of the four generated index trees.

conversion stage. We wished to provide a second, much higher speed rendering option.

By opting to use flat-shaded rectangular polygons instead of Gaussian-textured ones,
the ordering constraint could be ignored. In return, the rendering quality would be
slightly lower. In this second method, the polygon that is to be used for rendering
the cells is calculated in the same way as for ShellSplatting.

The polygon is constructed to be parallel to the viewing plane. This is correct for
parallel projection. Strictly speaking, in the perspective projection case each rendered
polygon should be perpendicular to the viewing ray that intersects it. However, for
efficiency reasons, we make use of slightly larger screen-aligned polygons [33]. The
details of the construction are described in our previous work [96].

5.6 Results

We have tested our application on two large data sets. The first data set is of a
multi-phase flow simulation of a number of air bubbles rising in water. Five double-
precision floating point values are computed per grid point: the pressure, the level
set value and the three components of the velocity. We use only one scalar to create
the index tree, being the level set value; this leaves us with 128 MB of data per time
step. See Figure 5.5 on the facing page.

Another data set we used is of a Large Eddy Simulation of cumulus clouds, with one
vector and three scalar quantities: the air velocity vector, meteorological temperature,
liquid water and total water. For the creation of an index tree, we only used the
temperature. See Figure 5.5.

For each of these data sets, we created two sets of index trees; the details are in
Table 5.1.
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Figure 5.5: Scenes from the two data sets. On the left is the bubble data set, on the
right is the cloud data set. See also colour Figure C.10.

5.6.1 Benchmarks

For two of the data sets, we ran a couple of benchmarks. First we ran a rendering
benchmark, both with the ShellSplat Renderer and the Fast Point-based Renderer,
for different isovalues, meaning different numbers of cells to render. In the other two
benchmarks we measured the speed at which we could play through the data set. This
involves both extraction and rendering for each time step. This was done for a (worst
case) time window of 1, meaning that each time step has to be read from disk before
extraction can be done, and for a very large time window. In the latter case, all data
is kept in main memory and no data transfers from disk are needed. This is done to
test the speed of the extraction algorithm. When we use the ShellSplat Renderer, a
sorting step is needed for each time step. To see the influence of this sorting, we have
performed the last benchmark with both renderers.

We ran the benchmarks on a modern computer with an Intel Pentium 4 processor,
running at 3.0 GHz, and 1 GB of main memory. The graphics card is a NVidia
Quadro FX 1300 with 128 MB of memory on a PCI Express graphics bus.

The results of the rendering benchmarks are shown in Figure 5.6 on the next page. It
is clear that interactive rendering is possible with the Fast Point-based Renderer, even
for over 400,000 cells. Also the ShellSplat Renderer can achieve interactive frame rates
up to about 100,000 cells. Because of the texturing and compositing, the ShellSplat
Renderer is much slower than the Fast Point-based Renderer.
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Figure 5.6: The results of the rendering benchmarks. On the left is the bubble data
set, on the right is the cloud data set.

Next, we timed at which rate we could play through the entire data set. This involves
extraction and rendering for every time step, using the same isovalue. With a time
window of 1, only a small amount of main memory is needed, but for every frame, we
have to read a new time step from disk into main memory and delete the previous
time step from memory. The speed is therefore very much dependent on the amount
of data that is to be read per time step. The cloud data set, consisting of 600 time
steps, occupies a total of 750 MB on disk, or on average 1.25 MB per time step. We
can play through the entire range of 600 time steps at an average rate of 7.8 to 9.5
frames per second, depending on the number of cells to render.

The bubble data set, on the other hand, with only 39 time steps and occupying 1.6
GB on disk, has an average of almost 42 MB per time step. Playing this data set
with a time window of 1 is not really interactive, with an average frame rate of about
0.46 fps.

However, if there is more memory available, it should obviously be used. Therefore
we also tested the speed at which we could play through the data within a large time
window. We used a fixed time window which could be completely stored in main
memory; no disk transfers were needed whatsoever. Because the rendering again
depends on the number of cells, we ran the benchmarks with different isovalues. The
results are shown in Figure 5.7 on the facing page.

Extraction of the isovalue-spanning cells can be done extremely fast. Rendering is also
very fast, as long as we don’t need the sorting step to create the shell data structure
for the ShellSplat Renderer. Construction of this data structure takes so much time
that it is not really suitable for interactive use. Once you have made the shell data
structure, it is suitable for interactive rendering, but every time you change the iso-
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Figure 5.7: The results of the play benchmarks. Playing involves extraction and
rendering through (part of) the time range. On the left is the bubble data set, on the
right is the cloud data set.

value or the time step, the shell structure has to be regenerated. The recommended
use would therefore be to switch to the Fast Point-based Renderer when browsing
through time or searching an interesting isovalue. When a particular isosurface in a
certain time step has been found and needs to be explored, the ShellSplat Renderer
can very well be used interactively.

5.7 Conclusions and Future work

We have presented a combination of techniques to allow interactive isosurface extrac-
tion and visualisation from large time-dependent data sets. In preprocessing we create
a tree data structure that is designed for fast extraction of all isovalue-spanning cells
for any isovalue and from any time step. This data structure makes effective use of
temporal coherence in the data by storing values that remain approximately constant
over a time range only once for that time range. The cells that are extracted can be
quickly rendered using a hardware-assisted direct rendering algorithm. For this direct
rendering no interpolation and triangulation for surface reconstruction is needed.

The data structure is in principle limited to isosurface extraction, however, as was
shown in Figure 5.5 on page 95, it is possible to make an approximate reconstruction
of the original data, providing the ability to perform other algorithms such as slicing.

We have overcome the huge memory requirements for creation of the data structure
by spatially sub-dividing the data set and building a separate tree for each subspace.
The memory requirements are therefore equal to the amount needed to hold a single
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tree.

During visualisation the separate trees can be combined to reconstruct the entire spa-
tial domain. To overcome the memory requirements for this stage, we have designed
and implemented a paging scheme, based on a time window paradigm, that will keep
only those parts of the trees in memory that are required to visualise the time steps
within a user-specified time window. Paging is done per tree node. Each node will
be kept in main memory just as long as is needed. The memory requirements for
visualisation are therefore equal to the amount of memory needed to hold the time
window, which can be as little as one time step.

Within the time window, interactive frame rates can be achieved, for the entire
pipeline of extraction and rendering, both for varying isovalue and varying time step.
Outside the time window, paging will slow down the frame rates. The amount of data
to be transferred from disk will determine the speed. This amount depends not only
on the size of the data set but also on the amount of temporal coherence.

Optimisations might be possible by making the data structure more I/O-efficient.
This data structure was designed to do fast isosurface cell extraction and later adapted
for out-of-core functionality. It can perhaps be optimised for I/O, however, that will
be at the cost of in-core performance.



CHAPTER 6

Multi-resolution data representation using hierarchical indexing

6.1 Introduction

In the previous Chapter a fast-access data structure was discussed. This particular
data structure was designed for fast isosurface cell search. Although the results for
isosurfacing are impressive, the limitations of the data structure are a major drawback.
The interval tree structure that is used, is designed for and limited to isosurface cell
search. The original data is no longer used, therefore it is not possible to combine the
isosurface with another type of visualisation. It is possible, although very inefficient,
to do an approximate reconstruction of the data from the interval tree, with which,
for example, slicing can be done, as was shown in Figures 5.1 and 5.5.

Following the classification of approaches that was introduced in Section 1.2, this
Chapter will discuss a multi-resolution data structure. Such a data structure will
provide access to the original data at several levels of resolution. Because the original
data is used, there is no restriction in the possible types of visualisation that can be
performed. However, the multi-resolution access means that when the available time
or memory is limited, a lower resolution version of the data will be used, instead of
the complete data set.

The data structure that will be introduced in the following was originally presented
by Pascucci and Frank [51, 52]. The idea behind their method is a reordering of

99
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the data in such a way that data points from a certain level of resolution are stored
coherently on disk. Furthermore, the subsequent levels of resolution will be stored
consecutively on disk. This means that low resolution data will be read first, and as
time and available memory allow, higher resolution data can be read. In all cases,
disk accesses are coherent, because data for each resolution is stored coherently, and
therefore cache-friendly. Note that the data is only reordered, meaning that the lower
resolutions are merely subsampled, not downsampled versions of the original data.
See also Subsection 6.5.1.

In this Chapter, the concept of reordering the data for multi-resolution access will
be discussed first. Then, a number of design issues will be presented, that have
to be resolved before implementation can commence. After that, in Section 6.4,
some results will be given that were achieved with our implementation. Finally, in
Section 6.5, we will discuss this implementation and these results and present some
ideas for extensions of the data structure.

6.2 Data order

A data set is usually stored in scan line order. The data points are only stored
coherently along one dimension, at the highest resolution. Points that belong to the
same level of resolution will be scattered throughout the entire data set. To retrieve
the data points in a 3D subvolume at a single level of resolution, disk access will
therefore be incoherent and inefficient.

By reordering the data in a smart way, this inefficiency can be reduced. The method
presented here makes use of the Lebesque or Z-order space-filling curve to trans-
form the data into a hierarchical multi-resolution representation. First, the three-
dimensional index of each data point is converted into a one-dimensional index along
the space-filling curve. Next, this one-dimensional index is converted to a hierarchi-
cal index in such a way that the data points are sorted according to their level of
resolution.

In Figure 6.1 on the facing page the principle of the Lebesque space-filling curve is
illustrated. The basic shape of the space-filling curve in two dimensions is a Z-shape
connecting four data points. In the next level each of these points is replaced by a
Z-shape of half the size of the previous one. This is repeated recursively. In three
dimensions the basic shape is a pair of Z-shapes, connecting eight data points.

The conversion from an n-dimensional index to the one-dimensional index along the
space-filling curve can be carried out by interleaving the bits of (the binary represen-
tations of) the n indices. Knowing this, it is straightforward to show that the level of
resolution of a certain data point can be easily computed from the binary representa-
tion of its one-dimensional index. Suppose level k is the highest resolution. All data
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Figure 6.1: The Lebesque space-filling curve. The first five levels of resolution in two
dimensions (a–e) and in three dimensions (f–j) [51].

points belong to level k. Points with all even indices belong to the second-highest
or half resolution (level k − 1). Points with all indices a multiple of four belong to
the quarter resolution (level k − 2), et cetera. But if all indices are even, the binary
representations of these indices will all end with a single zero. Because of the inter-
leaving of the indices, the binary representation of the one-dimensional index along
the space-filling curve will end with n zeros. In general, if a data point is part of
resolution level k − h, the binary representation of the indices of the point will all
end with h zeros, and the binary representation of the one-dimensional index will end
with nh zeros.

Figure 6.2 on the next page shows an example of the construction of the hierarchical
index. On the left, the normal scan line order for a data set is used. It can be
easily seen that data points from the same level of resolution are stored irregularly
throughout the data set. On the right, the Z-order index is used. Here, data points
from the same level of resolution are distributed evenly throughout the data set. This
suggests that computation of the hierarchical index can be performed more easily
using the Lebesque or Z-order space-filling curve.

The hierarchical index can be computed very easily having the Z-order index. The
trailing number of zeros (nh) of the binary representation of the Z-order index gives
us the level of resolution i:

i = k − h (6.1)

where k is the highest level of resolution. The hierarchical index is:

I = 2n(i−1) +

⌊

j

2nh

⌋

−
⌊

j

2n(h+1)

⌋

− 1 (6.2)

where j is the Z-order index.
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Figure 6.2: The relation between the one-dimensional index and the hierarchical
index, using (a) scan line order or (b) Z-order [107].

Once the hierarchical index has been computed for each data point, the data set can
be reordered and stored accordingly. The Z-order index is only used intermediately
to facilitate the computation of the hierarchical index. The final translation from
(x, y, z)-coordinates to the hierarchical index can be stored in a lookup table.

6.3 Design decisions

We have implemented this method and extended it to time-dependent data sets [107].
There were, however, several design issues that had to be resolved before doing this:

• Time vs. Space: how to incorporate the temporal dimension?

• Interactivity: automatic resolution switching.

• Defining a region-of-interest.

• Managing a time window.

• Using multiple threads.

In the following Subsections, each of these issues will be addressed briefly.
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6.3.1 Time vs. Space

The Z-order indexing and hierarchical indexing algorithms can be easily extended to
four dimensions. Examples were shown for two and three dimensions (Figures 6.1
and 6.2), but the algorithms work just as well for n-dimensional spaces.

However, suppose time is treated in the same way as space, that is, a time-dependent
data set is treated as a regular 4D data set. In Section 3.5, some advantages and
disadvantages of such an approach were already discussed in the comparison of several
data structures. Here we will further elaborate on those considerations.

In the current algorithm all dimensions will be handled equally. This means the
resolution of the data will be the same at all time in all (four) dimensions. As a
consequence, if the spatial resolution of the data set is lowered, the temporal resolution
is lowered as well; and if all time steps are to be shown, the full spatial resolution has
to be used as well. Furthermore, not only the resolution of the data set has to be the
same, also the size of the data set has to be equal in all dimensions. This may be even
more of a problem. Data sets resulting from CFD simulations can have a spatial size
of 1283, for example, but consist of 5, 000 time steps. Such a data set cannot (easily)
be represented as a 4D multi-resolution data set by the current algorithm.

The other extreme is to treat time and space differently and use the hierarchical
indexing method only for the three spatial dimensions. Each individual time step
will be processed as a separate three-dimensional data set and for each of these time
steps, a single multi-resolution representation will be created. No use will be made of
temporal coherence or of compression in the time dimension. Of course, with respect
to the size of the dimensions, the same restriction as mentioned above still holds:
the size of the data set has to be the same in all (three) spatial dimensions. In the
discussion in Section 6.5, a workaround for this restriction is presented.

This approach, of treating the data set as a number of individual time steps and
creating a separate multi-resolution representation of each of these time steps, is the
most straightforward extension of the original algorithm to time-dependent data sets.
It is the approach we have selected for implementation, the main reason being the
drawbacks of the other approach mentioned above; we feel the user should be able to
change the spatial and temporal resolutions separately.

Although it would be elegant to have all dimensions being treated equally, that is
not the way in which we normally look at the data. In general, a time-dependent
data set will be viewed as a movie — whether or not an interactive one. The data is
viewed one time step at a time, but the three spatial dimensions are viewed simulta-
neously. Stated otherwise, in four-dimensional space, slicing is performed, but always
perpendicularly to the time axis.

Of course, there will always be exceptions for specific types of applications. You can
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think of a 3D image, where one of the dimensions is time. This would represent the
temporal evolution of an arbitrary two-dimensional slice of the data set, and could
be created by performing slicing in 4D, parallel to the time axis. Another example
where a data set is not accessed one time step at a time is with four-dimensional
isosurfacing [101], e.g. for the purpose of feature tracking. See also Section 2.5.1.

However, in general, most applications will treat a four-dimensional data set as a
series of time steps. Therefore, the approach of applying the hierarchical indexing
algorithm to every single time step separately is justified. Three-dimensional space
is stored in a multi-resolution data structure, but time is not. Changing the spatial
resolution can be easily done using this algorithm. Changing the temporal resolution
can then be done by subsampling in time, i.e. skipping individual time steps.

6.3.2 Automatic resolution switching

We developed a system for multi-resolution visualisation of large time-dependent data
sets with functionality for space-time navigation. One of the main goals was to have
interactive visualisation. “Interactive” in this case will be defined as a user-provided
desired frame rate. This quickly leads to automatic switching between resolutions.
The system will automatically adapt the resolution of the data in order to achieve
this frame rate. If the desired frame rate cannot be sustained for a certain amount
of time or for a number of frames, the resolution will be lowered. This process will
repeat until the desired frame rate is achieved. In practice, if the resolution or the
desired frame rate is too high, initially, the frame rate will gradually increase while
the resolution is lowered automatically, until the frame rate reaches the desired value.

On the other hand, if the desired frame rate can be achieved with a large enough
margin, the resolution will be raised. (See Figure 6.3 on the facing page.) This is
somewhat more complicated, because it is difficult to specify what a large enough
margin is. For that, it should be possible to predict what the frame rate will be at a
higher resolution. Theoretically, the frame rate at a certain resolution will be about
one eighth of that at the half resolution, but this may well depend on the application,
the data set, or other factors. It is important that great care should be taken to
prevent undesirable switching back and forth between resolutions. Therefore, the
margin for switching to a higher resolution should be taken large enough.

Naturally, it should always be possible for the user to enforce a certain high resolution,
independent of the attained frame rate. However, the ability to specify a minimal
frame rate is a very useful and highly desirable function, especially in an interactive
application.



6.3. DESIGN DECISIONS 105

Figure 6.3: A volume rendering of the vortices data set at increasing resolution from
left to right. See also colour Figure C.11.

6.3.3 Region of interest

Another addition is the possibility of defining a region of interest, to reduce the
amount of data that has to be visualised. By selecting only part of the spatial do-
main, the data that is of interest can be visualised at a higher resolution, with the
surrounding data, if necessary, as a low resolution context. See Figure 6.4.

Figure 6.4: The selected region of interest is visualised using high resolution. The
surrounding data is also shown for reference, but in lower resolution. See also colour
Figure C.12.

In our application, an axis-aligned box is used for selecting the region of interest.
This method was chosen for the ease of implementation, but naturally other methods
could also be added. For the data resolution inside the region of interest, the same
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principles are used for automatic resolution switching that were discussed in the pre-
vious Section. The data outside the region of interest are shown in lower resolution,
or can be left out entirely.

Obviously, the motive for defining a region of interest is data reduction. Although this
data reduction can speed up the rendering, the hierarchical indexing algorithm was
not designed for region-of-interest selection. Refer to Figure 6.2b. If the entire data
set is visualised, at any resolution, the data points needed can be read consecutively
from the hierarchical data structure. However, an arbitrary region of interest will
in general consist of multiple non-consecutive blocks (or even single values) on disk.
Therefore, region-of-interest selection will partly undermine the advantages of the
hierarchically indexed data structure.

There are two ways to do this selection, which we have both implemented. First,
indexing of the data points within the region of interest can be done in main memory.
This means that the entire data set has to be read from disk, before the selection can
be done. After the selection, the data outside the region of interest can be discarded.
The second method is to do the indexing in external memory. In this case, only the
data points within the region of interest will be read from disk and therefore, much
less data has to be transferred to main memory. However, because the required data
points will be scattered throughout the data set, the transfer will be very inefficient.
A comparison of the speed of both methods is presented in Section 6.4.

6.3.4 Time window

To further optimise the visualisation, a time window approach is used, similar to the
one described in Chapter 5. A time window is basically used for buffering of time
steps. Rendering is done on one time step within the time window, while in the
background other time steps are read from disk to fill up the time window buffer.
(See also Section 6.3.5.)

Ideally, the time window size would be specified as an amount of memory. Depend-
ing on the amount of used or available memory, new time steps could be read or
old time steps could be discarded. However, managing such a time window is not
straightforward.

A time window size that is specified as a number of time steps is much easier to
implement, but the total amount of memory used may vary substantially, especially
when switching between resolutions. The time window could be specified by a first,
last and current time step, for example. This depends somewhat on the use of the
data set. If playing in reverse time direction is not desired, there is no need to keep
a history of the time steps already visited. But if reverse playing is as common as
forward playing, it might be more useful to have a time window that is centred on
the current time step.
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In our application, the time window size is specified as a number of time steps. The
structure of the time window is a circular doubly-linked list. Two pointers into this
list keep track of the current time step that is being rendered and the last time step
that has been read. These pointers will shift along the linked list in the same direction.
However, they will move independently, depending on the rendering speed and the
reading speed, respectively.

Because most of the time these two pointers will point to different time steps, there
is a delay between an action being taken by the user (for example, increasing the
resolution) and the result of this action being shown to the user. Suppose the time
window is filled with time steps that have been read at a certain resolution. If the
resolution is changed by the user, the time steps that have already been read into
the time window will simply be visualised at the resolution they were read at. The
newly read time steps will be read into the time window at the new resolution and
visualised at that resolution whenever they become the current rendering time step.
The delay will of course depend on the difference between the two pointers and on
the frame rate.

Also when the resolution is raised automatically by the program, the same delay will
occur. Higher-resolution data will be read from disk, but only after some time will
the user see the result, because the reading time step is ahead of the rendering time
step.

Only when the desired frame rate cannot be achieved, and therefore the resolution
is automatically lowered by the program, then the program may lower the resolution
of the current rendering time step. First, however, the resolution of the reading time
step will be lowered. Then, if the frame rate is still too low, the rendering resolution
of the current time step will be lowered. Remember, this time step was stored in
the time window at a higher resolution, but because the desired frame rate cannot
be achieved, the rendering resolution will be lowered. After that, if necessary, the
reading resolution will again be lowered, and so on.

There are more considerations to be made in the design of a time window, such as
regarding the region of interest, playing backward and forward in time, or changing
the temporal resolution. The specific implementation may vary depending on the
application or the desired use.

If enough memory should be available, a time window could be designed to keep
multiple levels of resolution for every time step. Such a time window would resemble
a 5D scale-space [4]. This would mean the time window could always keep the lower
levels of resolution available, so that interactive playing can be quickly resumed at
any time. Having a time window that spans several time steps and several resolutions
will make truly interactive space-time navigation possible.
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6.3.5 Multi-threading

While the user is interacting with the data, the program runs in the background
reading data from disk in order to fill the time window. To do this, without the
interaction being disturbed too much, a multi-threaded approach is applied. Two
threads are running simultaneously, one to fill the time window with new data read
from disk, and another for visualising the data from the time window.

Idle time is used to read ahead, to make the playback more smooth. Idle time can
also be used to read higher-resolution data for the time steps within the time window.
In pause mode, while the user is examining the data of the current time step, the res-
olution of the data can be raised in the background. As soon as the higher resolution
data is available, the visualisation thread is signalled and the data is visualised. The
user will see the image gradually improving with each next level of resolution.

6.4 Results

In our application, two threads were used, as described above. The time window can
be specified as a number of time steps, and a region of interest can be selected if
needed, by defining two diagonally opposite corner points of an axis-aligned box. For
rendering we have implemented two methods. The first one uses three axis-aligned
orthogonal slice planes, the second one is a simple volume rendering technique using
2D texture-mapped semi-transparent slices.

We have made no use of temporal coherence or any other type of compression. Every
time step of the time-dependent data sets has been individually reorganised using the
hierarchical indexing algorithm described in this Chapter.

We have used two data sets for benchmarking, both of a fluid dynamics simulation
containing turbulent vortex structures. The first data set has a resolution of 1283 and
consists of 100 time steps. The total size for this data set is 800 MiB. The second is
a supersampled version of this same data set, with a resolution of 2563 and 200 time
steps, totalling 12.5 GiB.

The benchmarks were performed on a Dual Athlon MP 1.2 GHz machine with 3
Gigabytes of main memory and a GeForce 3 graphics card.

Data set Conversion (s) LUT generation (s)
1283 77 0.50
2563 1620 4.39

Table 6.1: The time needed to convert the original data set to the multi-resolution
representation and to generate the lookup table.
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First, the conversion time from the original data set to the hierarchical multi-resolution
representation is shown in Table 6.1 on the facing page. Naturally, this time heav-
ily depends on the I/O transfer rate. This conversion can be done in preprocessing
and consists of reading the original data from disk, rearranging the data in memory,
according to the hierarchical index, and writing the reordered data to a new disk file.

Also shown in this table is the time needed to generate the lookup table, introduced
in Section 6.2. This lookup table will speed up the conversion in run time from the
(x, y, z)-coordinates to the hierarchical index. The size of the lookup table will be
typically in the order of the size of one time step. Although the computation of the
hierarchical index can be performed very quickly, for a time-dependent data set these
computations are the same for every time step. The construction of this lookup table
can be done in preprocessing and it will speed up the conversion of the coordinates in
run time. On the other hand, for very large size data sets, the lookup table may have
to be stored in external memory. For example, a 10243 data set will result in a lookup
table of 4 GiB in size. In that case, computation of the hierarchical index on-the-fly
will be much faster than reading from a lookup table stored in external memory. From
Table 6.1 on the preceding page it can be computed that the conversion time for a
single data point is about 0.25 µs.

Data set size Slice rendering (fps) Volume rendering (fps)
163 123 42
323 106 18
643 33 4.0
1283 3.3 0.6
2563 0.2 0.07

Table 6.2: Average frame rates achieved using different spatial resolutions, both for
slice rendering and volume rendering.

Table 6.2 shows the average frame rates that can be attained while playing back
the data set at several resolutions, both using slice rendering and volume rendering.
These measures are done without the use of a time window, and without specifying
a minimal frame rate.

The rates are found by determining the minimum of the rendering frame rate and
the reading frame rate and averaging these values over time. In practice, the playing
frame rates can turn out to be higher through the use of the time window. Because
a number of time steps will have been buffered in the time window, the rendering
will not be slowed down by the reading. For example, with a time window of size 50,
and the minimal frame rate set to 5 fps, the 1283 data set can be played back at full
resolution, using slice rendering, although Table 6.2 indicates a frame rate of 3.3 fps.

Table 6.3 on the following page shows, for various resolutions, the time in one reading
iteration and the time needed to rebuild a regular data structure from the hierarchi-
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Data set size Reading iteration time (ms) Rebuilding time (ms)
163 1.8 0.2
323 11.6 2.1
643 41.4 16.0
1283 289.4 168.5
2563 2081.8 1348.9

Table 6.3: The reading time and rebuilding time in milliseconds for various resolutions.

Resolution Data set size (MB) Memory usage (MB)
163 0.156 18
323 1.25 20
643 10 31
1283 80 117
2563 640 797

Table 6.4: The memory usage of the application for different resolutions, using a time
window of 10 time steps.

cally indexed data. Especially for large resolutions, the rebuilding time constitutes a
substantial percentage of the total reading time.

This observation leads us to devise an extension to the standard hierarchical indexing
algorithm, that may speed up visualisation of the full resolution data set. The change
would be to store all but the highest resolutions using the hierarchical index, and
store only the highest resolution in “normal” scan line order. This would mean a
space overhead of 12.5%, but it would remove the time-consuming reconstruction of
the full data set from the hierarchical index.

The memory usage of the application has also been measured. For different resolutions
of the data set, the amount of memory used by the application was determined, using
a fixed time window of size 10. Table 6.4 shows, for each resolution, the amount of
memory occupied by the 10 time steps in the time window, and the total memory
usage of the program. Besides the fixed overhead in memory, mainly for the user
interface of the program, there is a variable (data size related) overhead consisting of
the lookup table, the data used by the renderer, et cetera.

The region-of-interest performance was also tested. A fixed size region of interest
was defined (323) in different size data sets. As was explained above, the hierarchical
data structure has not been designed for region-of-interest selection. The data points
from within the region of interest have to be selected from the highest resolution
hierarchical data set. This indexing can be done on disk, which is slow, but saves
unnecessary data transfer, or in memory, which is a lot faster, but requires the entire
highest resolution data set to be transfered to memory first. We have tested both
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Data set size Indexing in memory (fps) Indexing on disk (fps)
643 84.4 10.4
1283 17.8 10.8
2563 0.4 10.0

Table 6.5: The region-of-interest rendering frame rates, for a fixed (323) region of
interest and various data set sizes. The performance is tested both with indexing in
memory and indexing on disk.

methods; the results are shown in Table 6.5.

With indexing in memory, the frame rate drops as data set size increases. The entire
high resolution data set has to be read from disk, therefore, with large data set sizes,
disk access will become a bottleneck. With indexing on disk, the amount of data that
has to be transfered only depends on the size of the region of interest. Therefore, the
results are similar for different size data sets. For small data set sizes, the indexing on
disk will become a bottleneck, because it would be quicker to simply load the entire
data set into main memory. However, for large size data sets, indexing on disk will
be faster than indexing in memory.

6.5 Discussion, limitations and extensions

Because of the design of the Z-order space-filling curve, the Z-order indexing algorithm
is in principle limited to data sets that have equal dimensions that are a power of 2,
e.g. 643 or 2563. If a data set has other dimensions, two straightforward solutions are
to pad the data with zeros (or similar) and/or to split the data set in smaller parts.

Padding with zeros (or some sort of coding value, such as NaN) up to a correct (2n)
size is easy, but might generate a lot of space overhead. For example, a 90 × 60 × 60
data set would have to be padded up to 128× 128× 128, which is more than 6 times
larger. Padding could be combined with splitting the data set in smaller parts. A
256× 128× 128 data set can easily be split into two 1283 data sets. The 90× 60× 60
data set can then be padded up to 96 × 64 × 64 and split into one 643 and four 323

data sets. Figure 6.5 on the next page shows an example in two dimensions.

Although this is a very strict limitation of the data set size for the Z-order index-
ing algorithm, it doesn’t have to be the case for the hierarchical indexing algorithm.
When a lookup table is used for the hierarchical index, the dimensions of the data set
do not matter. So, perhaps it is necessary to pad the data set during preprocessing,
to compute the Z-order index. When the hierarchical index is computed, the padding
regions can be skipped. A lookup table is generated to transform the spatial coor-
dinates into a hierarchical index. No more data size restrictions apply. Only some
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Original data set

Extended data set

128 x 128

90 x 60

32 x 32

64 x 64

(a)

(b) (c)

Figure 6.5: A two-dimensional 90× 60 data set has to be (a) padded up to 128× 128,
(b) padded up to 96× 64 and split into 6 times 322, or (c) padded up to 96× 64 and
split into one 642 and two 322 parts [107].

extra administration has to be kept for the number of data points at each level of
resolution, as this will no longer be straightforward.

6.5.1 Downsampling vs. subsampling

Lowering the resolution of a data set can be done in several ways. From sampling
theory we learn that a low-pass filter should be applied before downsampling. The
low-pass filter functions as an anti-aliasing filter to reduce the bandwidth in order to
satisfy the Nyquist-Shannon sampling theorem [78]. The simplest form of a low-pass
filter is just the averaging filter.

We are not interested in arbitrary downsampling. All we want to do in this application
is to half the resolution. Therefore, by averaging every two data points, a down-
sampled, anti-aliased version of the data set is constructed. If we don’t care about
the sampling theorem, an even more simple method of downsampling is subsampling:
to take every second (or nth) data point.

This is the way in which the hierarchical indexing algorithm works. The low resolution
versions of the data are found by taking every nth data point of the original data.
Every second data point is used for the half resolution data set, every fourth data
point is used for the quarter resolution data set, et cetera.
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The advantage is that no data is replicated. The multi-resolution data set is exactly
the same size as the original data set. Furthermore, the low resolution data can be
reused in a higher resolution version. This means that less data has to be read when
switching to a higher resolution.

It is possible to do downsampling by averaging, and store the averages as the low
resolution data. However, the original high resolution data then has to be stored
as well, increasing the size of the multi-resolution data set as a whole, or, alterna-
tively, the original data has to be reconstructed using the averages. This will cost
some processing time. However, the resulting visualisation will be of better quality,
because the low resolution data is smoothed. Such a technique could be compared to
mipmapping [105].

The same goes for downsampling in time, as was discussed above. Currently we use
subsampling in time, which means that every nth time step is visualised. Here also
averaging could be used instead of subsampling, to get nicer results. By storing the
averages for every two time steps, the temporal resolution could be halved. However,
this would again involve an increase in the data set size, and it would introduce a new
artefact: motion blur. These averaged time steps should only be used if the desired
frame rate cannot be achieved. By using the halved temporal resolution, the playing
frame rate is effectively doubled. However, should the playback be paused by the
user, one of the original time steps should be visualised instead of the time-averaged
one, because of the motion blur.

The most straightforward way to construct a complete multi-resolution data set in
both space and time, using averaging, would be to precompute and store the down-
sampled data at every possible spatial and temporal resolution. The disk space needed
for storing all spatial resolutions would be:

1 +
1

(23)
+

1

(23)2
+

1

(23)3
+

1

(23)4
+ · · · ≈ 8

7
(6.3)

which is about 114% of the size of the original data, and an overhead of approximately
1
7 . The disk space needed to store all temporal resolutions would be:
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23
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1

24
+ · · · ≈ 2 (6.4)

times the size of the original data set. Multiplying these two numbers, we get a total
size of the multi-resolution data set of approximately 228.5% of the original data set,
or an overhead of 128.5%.

6.5.2 Compression

Another possible extension to the normal hierarchical indexing algorithm could be to
make use of temporal coherence. Instead of storing every time step completely, using
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some sort of compression could reduce the data set size substantially. A possible
solutions would be to store differences between time steps, which can be encoded
using fewer bits than the original data values.

Video compression techniques such as MPEG [46, 47] can be a source of inspiration for
temporal compression algorithms. The concepts of both forward and bidirectional pre-
dictive coded frames could perhaps be employed in the context of 3D time-dependent
data sets.

Compression in the spatial domain seems to be difficult to combine with this multi-
resolution data structure; points that are located close to each other in the spatial
domain, may be scattered throughout the multi-resolution representation.



CHAPTER 7

Conclusions and future work

7.1 Conclusions

The research in this project was directed towards visualisation of very large, time-
dependent data sets. In particular, my focus has been on interactive visualisation of
surfaces within these data sets. Obviously, large data handling and interactivity are
in general not easily combined.

Several approaches to handling and visualisation of time-dependent data sets have
been explored in this thesis.

Feature-based visualisation (see Chapter 2) is a very useful approach. By selecting
the interesting parts of the data beforehand, a huge data reduction can be achieved.
Furthermore, the selected data can be further reduced by abstracting the features that
are of interest. The remaining data can then be handled efficiently and interactively.
The features can be explored and their evolution over time can be studied. Moreover,
by abstracting the data, the features of interest are described quantitatively, helping
greatly in studying the evolution of the features. On the downside, by abstracting
the data to features, a lot of information is lost. The criteria for selecting the features
have to be very good, because the abstraction cannot be undone: from the features,
the original data cannot be retrieved. If other features have to be extracted, or
the selection criteria have to be changed, the original data has to be recovered and
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the whole selection-abstraction process has to be repeated. Abstraction of the data
also limits the possibilities for visualisation and querying. All the data that might
be of interest during visualisation has to be selected and stored with the feature
data. Finding the right criteria for the features of interest naturally requires extensive
knowledge of the application in question, but it might still take some time fine-tuning
them. The drawback of this is that the extraction process has to take place on the
original data; where this requires interaction with the user, the large data handling
problem still remains. However, once the data has been reduced and the features have
been extracted, very useful and interesting visualisations can be made and interactive
exploration of the data can be performed.

In the context of this research project, although interesting at first, we did not explore
this approach any further. Because of the developments within the project by our
co-researchers (see Section 3.1), the use of feature-based techniques was no longer
necessary.

The second approach that was discussed in detail is the use of special, fast-access data
structures. Such data structures are designed to perform a certain visualisation task
efficiently. The data structures make use of the properties of a particular visualisation
algorithm and are made to fit the algorithm exactly. Data structures exist for fast
volume rendering or for fast isosurface cell search, for example. These data structures
are created in preprocessing. On using these data structures, the performance will
usually be much better than that of the standard visualisation algorithms.

One particular data structure was discussed in detail in Chapters 4 and 5: the tempo-
ral index tree, in combination with the interval tree. The interval tree was designed
for very fast isosurface cell selection. This data structure is combined with a tem-
poral index tree that makes use of data coherence in time to compress the data set
in this dimension. The combined application of these data structures results in high
speed isosurface cell extraction from time-dependent data sets. We have developed
an incremental cell search algorithm to speed up the extraction even more in brows-
ing through time. The extraction algorithm was combined with a special-purpose
fast direct-rendering algorithm in order to prevent the rendering from becoming the
bottleneck.

We have succeeded in lowering the huge memory requirements by creating an out-of-
core version of the index tree. Through the use of a time window, keeping only part
of the tree in memory, we have enabled interactive isosurfacing on a normal PC.

The advantage of data structures like these is that they are designed to perform a
certain visualisation algorithm very fast. However, the drawback is that they are also
usually limited to perform only that algorithm.

For extracting isosurfaces from time-dependent data sets, the index tree works very
well, but the resulting visualisation cannot be combined with another type of visual-
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isation. The data is stored in such a way in the index tree, that only isosurface cells
can be extracted from it. The original, raw data set is not available, so the isosurface
cannot be coloured with another scalar, or combined with streamlines, for example.
Only through (time-consuming) approximate reconstruction of the data it is possi-
ble to use the scalar field for another visualisation such as slicing, as was shown in
Figures 5.1 and 5.5.

Creating such a data structure will take some time in preprocessing, but if you need
one specific type of visualisation, that will certainly be worth the waiting, because
the performance of the data structure will be very high. However, if a combination
of visualisation techniques is needed, the applicability of such data structures will
probably be too limited.

Some minor extensions to this data structure may be possible. It would be interesting
to research the possibility of further compressing the data structure, for example, in a
way similar to the technique presented by Bordoloi and Shen [5]. To the standard data
structure they added compression using transform coding, a technique originating
from the field of image processing.

Extending the index tree in other ways, such as adding spatial compression, adding
data for volume rendering or particle tracing, or creating a multi-resolution version
of the index tree, I believe, is hardly possible.

The final approach that was discussed is the use of multi-resolution data structures.
These structures enable the data to be accessed at several levels of resolution. The
original data can be retrieved, but if available time or memory is limited, a lower
resolution version of the data can also be requested. The lower resolution data can
be a downsampled or subsampled version of the original data. Whatever resolution is
used, raw data is returned, which means that the visualisation is as flexible as with the
original data. Unlike the fast-access data structures described above, (most) multi-
resolution structures are not designed for one specific visualisation algorithm. This
is a large difference between the two approaches, and a huge advantage of the latter.
Naturally, for particular visualisation tasks, fast-access data structures will often be
faster than multi-resolution structures. However, a multi-resolution data structure
provides the flexibility to switch between different visualisations and is designed to
handle large data sets by trading off data resolution for speed.

There are many different ways to create a multi-resolution data structure. The method
that was discussed in Chapter 6 reorders the data in such a way that low resolution
(unfiltered, subsampled) data is at the front of the data set and data points from
consecutive higher levels of resolution are stored consecutively on disk. This has a
number of advantages. First, there is no data replication, so the size of the multi-
resolution data set is the same as that of the original data set; there is no spatial
overhead. Secondly, data points from a single level of resolution are stored coherently
on disk and therefore cache-friendly. Thirdly, because the data is merely reordered,
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lower resolution data is part of the higher resolution data. This means that the
lower resolution data can be reused and less data has to be read when increasing the
resolution. The fact that the low resolution data is only a subset of the high resolution
data is also a disadvantage: if the data would be downsampled (averaged) instead of
subsampled, less information would be lost in the lower levels of resolution, resulting
in the data and visualisation being more smooth.

We have extended the existing multi-resolution data structure to time-dependent
data sets. We have presented this data structure in combination with techniques
for region-of-interest selection, time window management and automatic resolution
switching providing interactive visualisation and space-time navigation of these large
4D data sets.

7.2 Directions for future work

Each of the approaches discussed has its advantages and disadvantages and each has
its specific application areas. Therefore, it is difficult to specify one technique, or even
one approach that will solve all our problems.

There will always be a trade-off between applicability and performance. Depending on
the requirements of the application, one of several approaches will have to be selected.
The first approach would be that of fast-access data structures. However, as I already
mentioned in the previous Section, I believe the index tree data structure cannot be
extended much further. Therefore, my recommendations for further research will be
directed towards the following approaches.

The first approach is the use of generic, multi-resolution data structures. The obvious
advantage over specific, fast-access data structures is the greater applicability of such
a data structure. On the other hand, data resolution will be traded off for speed, if
necessary. The multi-resolution hierarchical indexing data structure from Chapter 6
is the first of my recommendations. This is an interesting technique that provides
multi-resolution data access without any spatial overhead. However, it does this by
subsampling (without filtering) instead of downsampling or averaging the data. (See
also Subsection 6.5.1.) This means that the data at low resolution is also of low
quality. A worthwhile extension of the algorithm would be to improve the quality of
the data at lower resolutions by filtering the data before downsampling. By storing
averaged data instead of subsamples, the resulting low resolution visualisations will
be much better and more useful. The averaged data can be stored instead of, or
together with the original, lower resolution data. It will either cost more processing
time to reconstruct the original data from the averages, or it will cost more disk space
to store both the original and the averaged data. In both cases, the advantages of the
original algorithm will be partly undone.
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Adding compression to this data structure is also worth investigating. Neither spatial
nor temporal compression is used in the standard algorithm. Adding spatial compres-
sion might be difficult because of its design concept of reordering the data. On the
other hand, if averaged low resolution data is used, as suggested above, it may prove
to be effective to compress this data, for example using difference encoding. Further-
more, the extension to time-dependent data could be easily combined with temporal
compression. A straightforward approach would be the use of delta encoding in the
time dimension, as well.

More in general, inspiration for temporal compression can be sought in video compres-
sion algorithms such as the well-known MPEG coding systems [46, 47]. Interesting
concepts found in video compression include motion compensation and both forward
and bidirectionally predictive-coded frames.

The Wavelet-based Time-Space Partitioning or WTSP Tree [100], which was briefly
introduced in Chapter 3, is another example of a data structure from the same ap-
proach. But not only does it provide multi-resolution access in both the spatial and
the temporal domain, it also makes use of compression techniques. Wavelet trans-
forms are used both in space and in time and, on the resulting coefficients, run-length
and Huffman encoding is applied. This is a great example of the combined use of
several techniques from different approaches. However, the WTSP Tree was designed
for volume rendering. It is not a generic data structure, suitable for any type of
visualisation algorithm. The data that is stored in the tree nodes does not allow for
isosurface extraction or particle tracing, for example. Extending the WTSP Tree in
this manner, enabling other types of visualisation algorithms, is a most promising
direction for future research.

Wavelet-based techniques, in general, are good candidates for visualisation of large
data sets, because on the one hand the wavelets can be used for compression of the
data, and on the other hand, they provide multi-resolution access to the data.

The second approach is feature-based visualisation. This too is an exciting and very
promising research field. A lot of interesting work has already been done, the results of
which are impressive. The approach is more or less separate from all other approaches,
because it handles features, not data. There is a layer of abstraction over the raw
data, therefore it is difficult to combine this approach with many of the others.

In feature-based visualisation, there is always the need for the detection of new types
of features, such as boundary layers, recirculation zones and phase fronts, and the
development of new selection and extraction criteria. Also, techniques for tracking of
these features and for the detection of new types of events have to be developed.

Feature extraction can be combined with multi-resolution and multi-scale techniques.
Features extracted in lower resolution data can be used to aid the extraction in higher
resolution data. Also, when noise is present in the data, it can be essential to perform
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filtering before the extraction, in order to find meaningful features. The combination
of feature-based visualisation with multi-scale techniques, finally, is very interesting,
enabling tracking of features not only in time but also in scale-space, as presented by
Bauer and Peikert [4].

The bottleneck in feature-based visualisation is in the first steps of feature extrac-
tion. Because the feature extraction is performed on the original data, the large
data handling problem remains. Interactive feature selection or extraction techniques
have to be developed, such as the Focus+Context technique by Doleisch et al. [12].
In some cases the feature extraction can be performed without any user interaction
and therefore fully automatically. If not, it should be possible to do the extraction
interactively, or at least the selection, or the development of the extraction criteria,
should be possible interactively. In the latter case, the actual extraction process can
be performed offline.

Having extracted the features from a data set, the feature visualisation could be used
as a guideline for browsing the data in some other form. Further research should
be done into the combination of feature visualisation and other techniques, such as
isosurfacing and volume rendering, and their interaction. By focusing on the features,
or selecting data guided by the features, a substantial reduction of the raw data can
be achieved. This reduced amount of data, containing the features of interest, can
then be used for further investigation. The features can be visualised as icons, slicing
or volume rendering can be used to show the raw, selected data within and around
the features, streamlines can be seeded from the surface of the features, et cetera. As
an example of an existing technique, making use of such combined visualisations, see
the vortex browser by Stegmaier et al. [86].

Alternatively, the features may be used as an index, for example, for an adaptive
compression algorithm. Features will indicate the location of the interesting data,
influencing the amount of compression for that data. Similarly, significant events in
the temporal evolution of the features can determine which time steps to use for key
frames.

Combining different techniques and algorithms, even from different approaches, may
not always be possible, and often far from straightforward, but most certainly is highly
desirable, if not essential, for interactive visualisation of the data sets of the future.
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Figure C.1: A temperature table and accompanying temperature map for The Neth-
erlands. (Source: KNMI)

Figure C.2: An example of flow visualisation. The flow around a Harrier aircraft,
shown using streamlines. The colour indicates the time since “release”. (Source:
aerospaceweb.org)
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Figure C.3: Flow in the Atlantic Ocean, with streamlines and ellipses indicating vor-
tices. Blue and red ellipses indicate vortices rotating clockwise and counterclockwise,
respectively [72].
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Figure C.4: Separation and attachment lines on a delta wing (Source: D. Kenwright).
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Figure C.5: One step during feature tracking. A path is shown with its prediction,
and three candidates in the next time step [60].

Figure C.6: Visualisation with streamtubes of the recirculation in the backward-
facing-step data set [99].



COLOUR FIGURES 127

Figure C.7: Vortices behind a tapered cylinder. The colour of the ellipsoids represents
the rotational direction [71].
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Figure C.8: Playing through the turbulent vortex data set.
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Figure C.9: A 2563 data set of air bubbles rising in water.

Figure C.10: Scenes from the two data sets. On the left is the bubble data set, on
the right is the cloud data set.
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Figure C.11: A volume rendering of the vortices data set at increasing resolution from
left to right.

Figure C.12: The selected region of interest is visualised using high resolution. The
surrounding data is also shown for reference, but in lower resolution.
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[33] Steven Kilthau and Torsten Möller. Splatting optimizations. Technical report,
Simon Fraser University, 2001.

[34] Robert S. Laramee, Helwig Hauser, Helmut Doleisch, Benjamin Vrolijk, Frits H.
Post, and Daniel Weiskopf. The state of the art in flow visualization: Dense
and texture-based techniques. Computer Graphics Forum, 23(2):203–221, June
2004.

[35] B. van Leer. The computation of steady solutions to the euler equations: a
perspective. Technical report, University of Michigan, 1986.

[36] Willem C. de Leeuw. Presentation and Exploration of Flow Data. PhD thesis,
Delft University of Technology, The Netherlands, January 1997.

[37] Willem C. de Leeuw, Hans-Georg Pagendarm, Frits H. Post, and Birgit Walter.
Visual simulation of experimental oil-flow visualization by spot noise images
from numerical flow simulation. In R. Scateni, Jarke J. van Wijk, and P. Za-
narini, editors, Proceedings of the Sixth Eurographics Workshop on Visualization

in Scientific Computing, pages 135–148, Chia, Italy, 3–5 May 1995. Springer-
Verlag.

[38] Willem C. de Leeuw and Robert van Liere. Visualization of global flow struc-
tures using multiple levels of topology. In Eduard Gröller, Helwig Löffelmann,
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Earnshaw, José Luis Encarnação, Hans Hagen, Arie E. Kaufman, S. V. Kli-
menko, Gregory M. Nielson, Frits H. Post, and Daniel Thalmann, editors,
Scientific Visualization: Advances and Challenges, chapter 23, pages 367–390.
Academic Press, London, 1994.

[56] Frits H. Post, Benjamin Vrolijk, Helwig Hauser, Robert S. Laramee, and Helmut
Doleisch. The state of the art in flow visualisation: Feature extraction and
tracking. Computer Graphics Forum, 22(4):775–792, December 2003.

[57] Freek Reinders. Feature-Based Visualization of Time-Dependent Data. PhD
thesis, Delft University of Technology, The Netherlands, March 2001.

[58] Freek Reinders, Melvin E. D. Jacobson, and Frits H. Post. Skeleton graph
generation for feature shape description. In Willem C. de Leeuw and Robert van
Liere, editors, Data Visualization 2000. Proceedings of the Joint Eurographics

- IEEE TCVG Symposium on Visualization, pages 73–82, Amsterdam, The
Netherlands, 29–31 May 2000. Springer-Verlag.

[59] Freek Reinders, Frits H. Post, and Hans J. W. Spoelder. Attribute-based feature
tracking. In Eduard Gröller, Helwig Löffelmann, and W. Ribarsky, editors,
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Summary

The research described in this thesis was part of a larger research project about multi-
phase flows, in cooperation with researchers from Fluid Mechanics and Numerical
Analysis. Multi-phase flows are characterised by a sharp transition between the fluids,
the so-called phase front. There is no mixture between these fluids, therefore the
transition from one fluid or phase to another is sharp and coincides with large jumps
in physical quantities such as density and viscosity. One of the goals of the project was
to study the evolution of the phase fronts using CFD, i.e. to study the development
of the surfaces over time and to understand how they change and interact with each
other. In order to study the evolving fronts, methods were needed for detecting and
extracting them in the first place, and subsequently for tracking the phase fronts over
time, and finding a way to visualise them interactively. Initially, feature extraction
and tracking techniques were studied for this. However, after about a year into this
project, it became apparent that the numerical method that was to be used for the
simulation could provide an implicit surface representation of the phase front. This
surface could easily be extracted from the data as an isosurface. Therefore, the
research into feature extraction techniques was abandoned at that time and the focus
of the research was redirected towards efficient techniques for interactive isosurfacing
from very large time-dependent data sets.

Fast-access data structures that were designed to perform one particular visualisation
task efficiently were examined first. These data structures make use of the properties
of a particular visualisation algorithm and are made to fit the algorithm closely. One
such data structure was explored in detail: the temporal index tree, in combination
with the interval tree. The interval tree was designed for very fast isosurface cell
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selection. This data structure is combined with a temporal index tree that makes
use of data coherence in time to compress the data set in this dimension. The com-
bined application of these data structures results in high speed isosurface cell extrac-
tion from time-dependent data sets. The extraction algorithm was combined with
a special-purpose fast direct-rendering algorithm in order to prevent the rendering
from becoming the bottleneck. The advantage of data structures like these is that
they are designed to perform a particular visualisation task very fast. However, the
drawback is that they are also limited to perform only that visualisation task. For
extracting isosurfaces from time-dependent data sets, the index tree works very well,
but the resulting visualisation cannot be combined with another type of visualisation.
The data is stored in such a way in the index tree, that only isosurface cells can be
extracted from it. The original, raw data set is not available, so the isosurface cannot
be coloured with another scalar, or combined with streamlines, for example.

The second approach that was explored is the use of multi-resolution data struc-
tures. These structures enable the data to be accessed at several levels of resolution.
The original data can be retrieved, but if available time or memory is limited, a
lower resolution version of the data can also be requested. Whatever resolution is
used, raw data is returned, which means that the visualisation is as flexible as in the
original data. Unlike the fast-access data structures described above, (most) multi-
resolution structures are not designed for one specific visualisation algorithm. This
is a large difference between the two approaches, and a huge advantage of the latter.
A multi-resolution data structure provides the flexibility to switch between different
visualisations and is designed to handle large data sets by trading off data resolution
for speed. There are many different ways to create a multi-resolution data struc-
ture. The method that was implemented in this project reorders the data in such a
way that low resolution (subsampled) data is at the front of the data set and data
points from consecutive higher levels of resolution are stored consecutively on disk.
This has a number of advantages. First, there is no data replication, so the size of
the multi-resolution data set is the same as that of the original data set; there is no
spatial overhead. Secondly, data points from a single level of resolution are stored
coherently on disk and therefore cache-friendly. Thirdly, because the data is merely
reordered, lower resolution data is part of the higher resolution data. This means
that the lower resolution data can be reused and less data has to be read when in-
creasing the resolution. The fact that the low resolution data is only a subset of
the high resolution data is also a disadvantage: if the data would be downsampled
(filtered) instead of subsampled (unfiltered), less information would be lost in the
lower levels of resolution, resulting in the data and visualisation being more smooth.
The multi-resolution approach was extended to time-dependent data sets. Techniques
for region-of-interest selection and time-window management were added to provide
interactive visualisation and space-time navigation of these large 4D data sets.



Samenvatting

Het onderzoek dat in dit proefschrift is beschreven, was een deel van een groter
onderzoeksproject over meerfasenstromingen, in samenwerking met onderzoekers van
Stromingsleer en Numerieke Analyse. Meerfasenstromingen worden gekarakteriseerd
door een scherpe overgang tussen de (vloei)stoffen, het zogenaamde fasefront. Er
treedt geen vermenging op tussen de stoffen, daardoor is de overgang van de ene
(vloei)stof of fase naar de andere scherp en valt deze samen met grote sprongen in
fysieke grootheden zoals dichtheid en viscositeit. Een van de doelen van het project
was om de evolutie van de fasefronten te bestuderen met behulp van CFD, oftewel
om de ontwikkeling van de oppervlakken in de tijd te bestuderen en te begrijpen hoe
deze veranderen en elkaar bëınvloeden. Om de evoluerende fasefronten te bestuderen,
waren methoden nodig om ze in de eerste plaats te detecteren en te extraheren,
vervolgens om ze te kunnen volgen (tracken) in de tijd en tenslotte om de fronten
interactief te kunnen visualiseren. Aanvankelijk zijn hiervoor feature-extractie- en
-trackingtechnieken bestudeerd. Echter, na ongeveer een jaar werd het binnen het
project duidelijk, dat de numerieke methode die gebruikt zou gaan worden voor de
simulatie een impliciete oppervlakterepresentatie van het fasefront kon aanleveren.
Dit oppervlak kon eenvoudig als een iso-oppervlak uit de data geëxtraheerd worden.
Daarom is op dat moment het onderzoek naar feature-extractietechnieken afgebroken
en is de aandacht van het onderzoek gericht op efficiënte technieken voor interactieve
extractie van iso-oppervlakken uit zeer grote tijdsafhankelijke datasets.

Eerst is gekeken naar datastructuren voor snelle toegang, die ontworpen zijn om één
bepaalde visualisatietaak efficiënt uit te voeren. Deze datastructuren maken gebruik
van de eigenschappen van een bepaald visualisatiealgoritme en zijn erop gemaakt om

153



154 SAMENVATTING

nauw bij dit algoritme aan te sluiten. Eén zo’n datastructuur is in detail onderzocht:
de temporal index tree in combinatie met de interval tree. De interval tree is ontworpen
voor zeer snelle selectie van iso-oppervlakcellen. Deze datastructuur wordt gecombi-
neerd met een temporal index tree die gebruik maakt van de coherentie van data in
de tijd om de dataset in deze dimensie te comprimeren. De gecombineerde toepassing
van deze datastructuren resulteert in zeer snelle extractie van iso-oppervlakcellen uit
tijdsafhankelijke datasets. Het extractiealgoritme is gecombineerd met een specifiek
voor dit doel gemaakt direct rendering algoritme, om te voorkomen dat de rendering
de bottleneck zou worden. Het voordeel van dergelijke datastructuren is dat deze zijn
ontworpen om een bepaalde visualisatietaak zeer snel uit te voeren. Echter, het nadeel
is dat ze ook beperkt zijn tot slechts die visualisatietaak. De index tree werkt zeer
goed om iso-oppervlakken te extraheren uit tijdsafhankelijke datasets, maar de resul-
terende visualisatie kan niet gecombineerd worden met een ander type visualisatie. De
data zijn op zodanige wijze opgeslagen in de index tree, dat alleen iso-oppervlakcellen
eruit geëxtraheerd kunnen worden. De originele, ruwe dataset is niet beschikbaar,
dus het iso-oppervlak kan bijvoorbeeld niet gekleurd worden met een andere scalaire
waarde, of gecombineerd worden met stroomlijnen.

De tweede aanpak die is onderzocht is het gebruik van multiresolutie-datastructuren.
Deze structuren bieden de mogelijkheid om de data op meerdere resolutieniveaus te
benaderen. De originele data kunnen opgevraagd worden, maar als de beschikbare
hoeveelheid tijd of geheugen beperkt is, is het ook mogelijk de data in een lagere res-
olutie op te vragen. Welke resolutie ook gebruikt wordt, er worden altijd ruwe data
geretourneerd, wat betekent dat de visualisatie net zo flexibel is als in de originele
data. In tegenstelling tot de datastructuren voor snelle toegang, die hierboven wer-
den beschreven, zijn (de meeste) multiresolutie-structuren niet ontworpen voor één
specifiek visualisatiealgoritme. Dit is een belangrijk verschil tussen deze twee aan-
pakken en een groot voordeel van laatstgenoemde. Een multiresolutie-datastructuur
biedt de flexibiliteit om te schakelen tussen verschillende visualisaties en is ontwor-
pen om grote datasets te kunnen hanteren door resolutie in te wisselen voor snelheid.
Er zijn vele manieren om een multiresolutie-datastructuur te maken. De methode
die in dit project is gëımplementeerd, herordent de data op zodanige wijze dat lage-
resolutie (gesubsamplede) data aan het begin van de dataset komen en datapunten
van de achtereenvolgende hogere resolutieniveaus na elkaar worden opgeslagen op
schijf. Dit heeft een aantal voordelen. Ten eerste is er geen datareplicatie, dus de
grootte van de multiresolutie-dataset is hetzelfde als die van de originele dataset; er is
geen ruimtelijke overhead. In de tweede plaats worden punten uit één resolutieniveau
coherent en daardoor cache-friendly op schijf opgeslagen. In de derde plaats, omdat
de data slechts worden herordend, maken de lagere-resolutie data deel uit van de
hogere-resolutie data. Dit betekent dat de lagere-resolutie data hergebruikt kunnen
worden en dat minder data ingelezen hoeven te worden, wanneer de resolutie verhoogd
wordt. Het feit dat de lage-resolutie data slechts een subset zijn van de hoge-resolutie
data is ook een nadeel: als de data zouden worden gedownsampled (gefilterd) in
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plaats van gesubsampled (ongefilterd), zou minder informatie verloren gaan in de
lagere resolutieniveaus, hetgeen zou resulteren in gladdere data en visualisaties. Deze
multiresolutie-aanpak is uitgebreid naar tijdsafhankelijke datasets. Technieken voor
de selectie van een aandachtsgebied (region of interest) en voor het beheren van het
tijdvenster zijn toegevoegd om interactieve visualisatie van en ruimte-tijd-navigatie
in deze grote 4D datasets mogelijk te maken.
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