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Abstract principal application is in imaging of the brain white matte
where the location, orientation and anisotropy of the fiber
tracts can be measured [2]. Itis assumed that fiber tracks in

We present multi-valued solution algorithm for geodesic- brain white matter follow the direction with the largest-dif
based fiber tracking in a tensor-warped space given by dif- fusivity. This means that the time a water molecule travels
fusion tensor imaging data. This technique is based on solv-a given distance in this direction is the shortest.
ing ordinary differential equations describing geodedigs
a ray tracing algorithm. The algorithm can capture all Many different approaches have been devised for fiber
possible geodesics connecting two given points instead oftracking. The most common techniques reduce the infor-
a single geodesic captured by Hamilton-Jacobi based al- mation of the tensor to the main eigenvector. The integral
gorithms. Once the geodesics have been computed, usintines of the vector field generated by the main eigenvector
suitable connectivity measures, we can choose among allare used to indicate fiber tracks. However, these methods
solutions the most likely connection pathways which cor- do not use the full information of the tensor and are very
respond best to the underlying real fibrous structures. In sensitive to noise, see Jehal [6].
comparison with other approaches, our algorithm gives the
possibility of applying different cost functions in a faesp Another set of techniques uses the full tensor information
processing. Moreover, the algorithm can be used for cap- by computing geodesics in a Riemannian space with a met-
turing possible multi-path connections between two pointsric defined by the inverse of diffusion tensor. Early DTI
that can happen when, e.g., pathologies are presented. Syngeodesic connectivity approaches are based on solving the
thetic second order diffusion tensor data in a two dimen- standard eikonal equation [4, 8, 16], where connectivity
sional space are employed to illustrate the potential appli measurements are represented by cost functions of eikonal
cations of the algorithm to fiber tracking. equation based on the similarity measurements of tensors.
The more recent approaches introduce cost functions which
consider the directionality as well as the shape of the ten-
Keywords. geodesic, diffusion tensor images, fiber track- sor. For example, Kaet al [5] represented a front propa-
ing, Hamilton-Jacobi equation, ray tracing. gation algorithm based on an anisotropic Hamilton-Jacobi
equation in which the front propagation is given by the dif-
fusivity rate in the normal direction of the front.
1. Introduction , , , _
A third class of algorithms is based on high angular resolu-
tion data images (HARDI). For example, Melakons [9, 10]
Diffusion tensor imaging (DTI) is the first non-invasive considers the directionality of the diffusion data by apply
technique based on magnetic resonance imaging (MRI) thaing the cost function depending on the diffusivity direciso
enables the measurement of the restricted diffusion of wa-In these approaches, in order to overcome the restriction

ter molecules in tissues, see for example Bassed [3]. of Riemannian geometry to ellipsoidal diffusion profilegth
It is possible to calculate, for each voxel, a diffusion ems  Finsler metric is used, and a new Hamilton-Jacobi equation
which is a symmetric positive definige<3 matrix. Thisma-  is derived by minimizing the given cost function. We con-

trix describes the three-dimensional diffusivity, [11]hél



centrate on the 2nd order tensor model of diffusion which is 2. Governing Equation
still the most commonly used.

A characteristic of Hamilton-Jacobi(HJ) based approachesIn th|s section we present the.governlng_equatmr.]s for com-
puting geodesics. A geodesic connecting a pair of points

is that they give only the single-valued viscosity solution ; . ‘ . .
corresponding to the minimizer of a cost function. How- on a Riemannian ma“'fo'ﬁ embed(_je_dﬁﬁ Is defined as a
curveu(r) = (u(r),v(r))' extremizing the length func-

ever, this is a limitation. In some cases multiple geodesics

or fibers connecting two points. For example, if a "pathol- ional T

ogy” is present like a tumor that pushes the fibers, it can L(u) = / (UTGU)l/er, (1)
be multiple paths which are connecting two points. Fur- 0

thermore, in some studies, like the one by Parkerl whereG = G(u(r)) is the Riemannian metric. The pa-

[13], it is shown that some structures (i.e., Broca and Wer- rameters(u, v) belong to a two dimensional bounded set
nicke) have multiple path connections. Therefore, the HJ () ¢ R? and specify the location of the geodesic, anis
approach suffers from the stated deficiency that it singlesa parameter along the geodesic. Geodesics are given by a
out a preferred geodesic that does not necessarily corresystem of two second order ODEs @r{7],
spond to the desired geodesic in case of multiple geodesic

connections. Moreover, different cost functions have been i+ Ty a2 + 2T [pu0 + Thy0® = 0,
dev_eloped [1, 14, 8,9, 16]. S_lnce in different cases, itis no B+ T2,02 + 20200 + [202 = 0.
a priori clear which cost function to choose, having the solu

tion of different cost functions may be interesting. Howeve Here the dot denotes differentiation with respect-tand
different cost functions result in different Hamilton-&h¢ pi_cj (u, v) are Christoffel symbols defined by

equations, and in order to examine several cost functions,

one needs to solve several equations, which can be compu- 2

tationally expensive. Il = 50" (gjm)i + (9im); — (@5)m]. ()

m=1

(@)

In this paper, we present a new geodesic-based algorithm ) .
which can be used for fiber tracking in a tensor-warped Where(gi;) denotes the matrix component 6fand (g/)
space. This algorithm computes possible multi-valued so-the ones 0@4_. In DTI applications, the metri¢: is the
lutions using the entire tensor information. Note that be- inverse of the diffusion tensab. Subscriptsl and2 on
tween two given points on a manifold, depending on initial the r.h.§. indicate differentiation with respectdoand v,
directions, there may be more than one geodesic, and therel€Spectively.

fore multiple solutions may arise. Once the geodesics have . ] .
been computed, using suitable connectivity measures, weVe reduce equation (2) to three first order ODEs by setting
can choose between multiple solutions the most likely con- du do

nection pathways. For example in brain fiber tracking, the U= — = cosb, 0= — =sind, 4)
most likely connection pathways are the ones which corre- dr dr

spond best to the underlying real fibrous structure. In the and thereforé = « tan 6. Differentiating with respect to
case of having more than one geodesic between two pointsgives us

the pathways can be sorted by indexing them with connec- 1 .

tivity value obtained for each one. b= tand+ ucos2 99' ©)

One advantage of our algorithm is that it gives the pos- Now let = (u,v,6)". Using (5) and (2) we have
sibility of applying different cost functions in a fast pest . ) L 5 L ) L
processing procedure. Another advantage is the capability ¢ = sin§(T'yy cos™ 0 4 2115 cos Osin 6 + I'a, sin” ) —
of capturing the possible multi-path connections between cos §(I'2; cos? §+2'2, cos § sin +T'2, sin? ) =: p(v).
two given points. In order to show the potential of the al-
gorithm for fiber tracktography, we apply it to two dimen- Therefore the system of ODEs (2) for geodesics reads
sional synthetic data.
cos 6
§=g(y) = [ sing |, (6)
p(7)

Note that by the particular choice of (4) we identifywith
theEuclideanarc length parameter.



3. Two-Point Ray Tracing There maybe multiple solutions to (7) giving multiple
geodesics. The Euclidean length of the geodesic connect-

. . ._ingtheset intsis th iven GBy= |T -T .
By equation (6) we can compute all possible geodeS|csIng ese two points is then given By = T'(y:) (72)]

starting at an initial point and ending at some point on
the domain. We concentrate on the problem of computing
geodesics between two given points inside the boundary.

In order to tackle this problem we first solve (6) for these the boundary. For example in a rectangular donfaiwe

two given points as initial locations and all initial diremts chooses € [0, 27] alongdq, see Figure 2a. The left and

in a discrete domain. This gives us two sets of geodesicsright hand sides of (7) are therefore curvestih parame-
starting at these two points and ending at the boundary. Weterized by6; andé,, [12]. Solving (7) amounts to finding
then post-process these solutions to obtain the geodesics b crossing points of t'hese curves, see Figure 2b

tween the two points. This procedure is called two-point ray ’ '

tracing [15].

In order to solve (7) we note that, sinée= (U, V,0)" is
a point on the boundar§<?,,, it can be reduced to a point
(S,0) € R?, whereS represents the escape location on

Numerically, we first solve the geodesic equation (6) for the
. . - T _ initial points (1, v1, %) and (s, v2, 0F) whered* = kA0

We cog&d_er;?e trépletﬁ = (Suo,_vo, 6o) asLa plc;mt n t_he andA@ = 2r. Discretizing the computational domaih
space P X 5, Wheres = [0, 27). et_ (70.) o into V2 points, the complexity of solving the ODEs for two
(U,V,0)" be theescape poinbf the geodesic satisfying

(6) and starting atp, i.e., F(7) is the point where the initial points (uy,v1) and(us, v2) with N initial directions
geodesic starti%g a((zu 'U") 67‘;2 with difectione cs is O(N?). Having the disg:r_e_te solgtions (escape points and
crosses the boundar;’@f%\t(U V') with directioné €S escape lengths) for the initial pointa:, v1) and (uz, vs)

. . with all N directions we find the crossing points of two
see Figure 1. Moreover, I&(v0) be_the El_JcI|dean length curves ofN straight line segments. This can be done with a
of the geodesic between the starting point and the corre-

lexity of O(N), [17]. Therefore the total lexi
sponding escape point. We cdl(v,) the escape length complexity ofO(N), [17] erefore the total complexity

i L . of finding all possible geodesics betwekhpairs of points
We note that given an initial point, we can computé’(+o) will be O(M N2)

andT'(vp) by solving (6) using an ODE solver such as the
fourth order Runge-Kutta method.

1
S=3n/2

Figure 1. A geodesic in the parameter space. The fundiiaa >O©< Y2

defined as"'(u, v, 0) = (U, V, ©).

Now suppose we want to find all possible geodesic pathsgigyre 2. A geodesic in the parameter space, starting at pois:
between two pointgu;,v1) and (uz,v2) in Q. We first (u1,v1,61)" and ending at the escape paifity,) = (U, V,©) .
observe thatF'(y;) = F(v2) if and only if the points  |nadiscrete case, curves in Figure (b) contasistraight line seg-
v = (ur,v1,01)" andys = (ug,vs,65)" lie onthe same  ments.

geodesic. We can thus fild andds as the solution to

F(ul,vl,Gl):F(UQ,vg,GQ). (7)



4. Numerical Examples

In this section, we apply the two-point ray tracing method to o
compute all possible geodesics in a tensor-warped field. We

present the method on two different computational fields. ook N
The main difference between these two fields is that in the - !
first one we have a continuous tensor field expressed in ana- 04 ‘
lytic form. Therefore we can compute the metric derivatives

and Christoffel symbols analytically as we integrate equa- 02
tion (6). In the second one, we have a discrete tensor field

only at grid points. In order to find the metric derivatives 9
at any point in the domain, we interpolate component-wise o 7 ;
the metric derivatives at the grid points.

4.1. Examplel

We consider a two dimensional metric field ° o e

G = gir  gi2 2
g21 922 ’ 1

where .2.10123505575

_ 9. 2.2 .2
g = 2m°sin”(mv) (1 + sin”(27w)), Figure 3. Left figure shows geodesics starting from givetiahi

points and ending at boundaries and the geodesics congectin
these two points. Right figure shows two crossing curves.hEac
curve corresponds to all escape points and escape angtésgsta
from an initial point. The two crossing points are shown byleis
around.

3

g12 = go1 = —§7T2 sin(4mu) sin(2mv),
3

goz = m2(1 — 1 sin?(27u) cos? (mv)),

in a rectangular domaift = [0,1] x [0.1,0.9]. The dif-
fusion tensor isD = G~!. DifferentiatingG with respect

g;:;sglgv and using (3) gives us the required Christoffel is added to each eigenvalue and eigenvector of the diffusion

tensors, independently, see Figure 4.

Figure 3a shows the geodesic paths for two initial points
(ul,vl) = (03,06) and (’U,g,’l}g) = (08,02) with

N = 50 initial directions¢* € S, k = 1,2,...,N. Fig-

ure 3b shows two intersecting curves in tff¢ ©)-plane
corresponding to all geodesics starting at the two initial
points. There are two crossing points which determine two
geodesics connecting these two points. The two geodesic§
are in fact the same(in this case) and lie on top of each other
indicate by the bold line in Figure 3a.

We discretize the computational doman= [0, 1]? uni-
formly with the step sizea\u = Av = % and grid points
u; = iAu, v; = jAv, 4,5 =0,1,...,N. HereN is the
number of grid points in each direction. Each grid point
(us, v;) in this domain is labeled by a two-dimensional ten-
orGij = D;l

To compute the metric derivative in each grid point we use
a finite difference scheme such as the second order central
difference

4.2. Example 2

In this section, we consider a discrete two dimensional syn- G G — G O G —
thetic tensor field. Isotropic tensors are defined as a back-—=u’ ~ —+1J S 1 UEAPN Rkl A il
ground (excluding the effects of noise) and anisotropie ten " 20u O 200
sors form curved fibers. The shape of the tensors in the

spatial domain represents a section of U-fiber bundle struc-

ture. To examine the method for noisy data gaussian noiseNe apply the second order one-sided difference scheme for

(8)



the grid points situated on the boundaries

0Gy ; —3Go,; +4G1; — Gaj
ou 2\ ’
(r“)GN,j N 3GN7J‘ — 4GN_1,J' + GN_Q,J'
ou - 2A\u '

Similar formulations hold for derivatives with respect to
v. In order to obtain derivatives needed for computing
Christoffel symbols in any point in the domain we apply
component-wise interpolation.

Figure 4 shows the two geodesic paths between two initial
points (u1,v1) = (0.3,0.5) and (ug,v2) = (0.75,0.57),
obtained by the algorithm, using diffusion tensor. It shows
that the geodesic with the shortest length between two
points (black-curve) does not always follow better fibrous
structure, i.e., the U-fiber bundle. This test shows the ro-
bustness of the algorithm to noise. The two-point ray trac-
ing algorithm gives the possibility of finding all possible

geodesics between two points. In contrast existing methods

would calculate just the unique optimal path. Getting the
desired path in these methods can be very sensitive to th
choice of the cost function using for optimizing the path-
ways. In the next section, we will show one of the ap-
plications of the algorithm to find the geodesic among all

geodesics between two points that better coincides with the

fibrous structure by using connectivity measurement. Note
that in some cases it can be that both geodesic connection
are physically meaningful, See for example [13].

Figure 4. Geodesics computed for synthetic DT fields modelin
a curved fiber tract. This figure shows diffusion tensor fielthw
gaussian noise.

5. An Application to Connectivity Measure-
ments

between these two points. Recently [1, 16] presented
new measurements to assess the degree of connectivity of
geodesic paths. In this section, we briefly review these mea-
surements, and apply them to our numerical examples.

A geodesic connecting a pair of points on a Riemannian
manifold is defined as a curvg(r) = (u(7),v(7))" ex-
tremizing the length functional equation (1).

whereG = G(u(r)) is the Riemannian metric. The ra-
tio of lengths given by the Euclidean and diffusion induced
Riemannian metric tensots = D~! can be considered as

a measure for the connection strength of a geodesic. The
proposed measure is given by

ST w2 dr

9
ST Guy2dr ©)

mg(U) =

(10)

For the optimal geodesic coinciding with a neural fibrous

structure, the measure in (9) is larger compared to the one
for other geodesics. Note that (9) can be interpreted as in-
verse Euclidean-length averaged diffusivity along thereur

\We note that in the neighborhood of the paigt= u(0) the
fimit of measurements in (9) a8 — 0 gives the following
local measurement

(U'QT Uo)l/2

= G o w7

(11)

where My, (Ug) = mp(Up) ug and AT be the principal
eigenvector and the largest eigenvaluel®fu,), respec-
tively, and thereforél] = A\t G(uo)ug. By (11) we then
have

My (ag) = (W),

implying thatlocally the measurements give maxima in the
direction of the principal eigenvector of the diffusion$en,
indeed a reasonable local connectivity measure.

We apply the measure (9) to the problem in Section 4.2 with
the synthetic data. We get 5.23 andmy = 1.45
for the geodesics showed by (red) and (black) in Figure 4,

In order to find a neural fiber bundle connecting two given respectively. Here it can be seen that connectivity of the
points, we need suitable connectivity measurements to segeodesic coinciding with the fiber bundle are larger than the
lect the optimal geodesic among all possible geodesicsone of the other geodesic.



6. Discussion and Conclusion

Common approaches for fiber tracking in diffusion tensor
imaging based on geodesics give only a single geodesic
representing the fiber pathway between two points. This
geodesic may not represent the appropriate connecting path [5]
Moreover, there might be multiple pathways which can
not be detected by such approaches. We have modified

a ray tracing algorithm for computing geodesics in a two-

[4] L. O. Donnell, S. Haker, and C. F. Westin. New approaches

to estimation of white matter connectivity in diffusion ten
sor MRI: Elliptic PDEs and geodesics in a tensor-warped
space. International Conference on Medical Image Com-
puting and Computer-Assisted Intervention - MICCAJ'02
2488:459-466, 2002.

M. Jackowski, C. Kao, M. Qui, R. Constable, and L. Staib.
White matter tractography by anisotropic wavefront evolu-
tion and diffusion tensor imagingViedical Image Analysjs
9:424-440, 2005.

dimensional tensor-warped space. In this approach we ob- [6] Z. Jun, J. Hao, K. Ning, and C. Ning. Fiber tractography

tain all possible geodesics between two given points. One
main application of this method is to cases where there are
multiple connections between two points in the diffusion

tensor field. Furthermore, we can apply different connec-
tivity measurements in order to select the geodesic with the
strongest connectivity among all geodesics, in the case jus

one geodesic is expected.

In this paper, the method is presented to develop an exact
algorithm for the fiber tractography. We made use of the

in diffusion tensor magnetic resonance imaging: A survey
and beyondDepartment of Computer Science, University of
Kentucky, USA2005.

[7] J. Keller and R. M. Lewis. Asymptotic methods for par-

tial differential equations: the reduced wave equation and
Maxwell’'s equations Surveys of Applied Mathematjck1—
82, 2005.

[8] A. Lenglet, R. Deriche, and O. Faugeras. Inferring white

matter geometry from diffusion tensor MRI: application to
connectivity mapping.Proceedings of the Eighth European
Conference on Computer VisioB021.

second order diffusion tensor data which is still the most [9] J. Melonakos, V. Mohan, M. Niethammer, K. Smith, M. Ku-

commonly used. We applied the algorithm to two dimen-

sional synthetic tensor fields as a proof of concept.

In future work we will extend the algorithm to three dimen-  [10]
sions and will apply it to real brain diffusion tensor images

Another future research direction is extending the albarit
to region-region tracking. Itis also interesting to invgate

how often the multiple geodesics appear in the brain and

give the more accurate results.

Acknowledgements.

The Netherlands Organisation for Scientific Research[14]

(NWO) is gratefully acknowledged for financial support.

References

[1] L. J. Astola, L. M. J. Florack, and B. M. ter Haar Romeny.
Measures for pathway analysis in brain white matter using

diffusion tensor imagingln Proceeding of Information Pro-

cessing in Medical Imaging, Lecture Notes in Computer Sci-

ence 2007.

[2] P.Basser, S. Pajevic, C. Pierpaoli, J. Duda, and A. Aldro
Invivo fiber tractography using DT-MRI dat&lagnetic Res-
onance in Medicing44:265-632, 2000.

[3] P.J. Basser and C. Piepaoli. Microstructural and phggio
ical features of tissues elucidated by quantitative-difin-
tensor MRI. Journal of Magnetic Resonanc&11(1):209—
219, 1996.

bicki, and A. Tannenbaum. Finsler tracktography for white
matter connectivity analysis of the singulum bundMIC-
CAl, Springer 2007.

J. Melonakos, E. Pichon, S. Angenent, and A. Tannenbaum
Finsler active contoudEEE Transactions on pattern analy-
sis and machin intelligen¢007.

S. Mori, S. Wakana, P. v. Zijl, and L. Nagae-PoetscheRIM
atlas of human white matter., 2005. Elsvier, Berlin (2005).
M. Motamed and O. Runborg. A fast phase space method for
computing creeping raysournal of Computational Physics
219(1):276-295, 2006.

G. Parker, S. Luzzi, D. Alexander, C. Wheeler-Kingshot
O. Ciccarelli, and M. Lambon-Ralph. Lateralization of ven-
tral and dorsal auditory-language pathways in the human
brain. Neurolmage24:656—-666, 2007.

G. J. M. Parker, C. A. M. Wheeler-Kingshott, and G. J.
Barker. Distributed anatomical brain connectivity dedve
from diffusion tensor imaging.Information Processing in
Medical Imaging 17th International Conferenc482:106—
120, 2001.

V. Pereyra, W. H. K. Lee, and H. B. Keller. Solving twoipb
seismic ray tracing problems in a heterogeneous medium.
Bulletin of the Seismological Society of Ameriz@:79-99,
1980.

] E. Prados, S. Soatto, C. Lenglet, J. P. Pons, N. Wotawa,

R. Deriche, O. Faugeras, and S. Soatto. Control theory and
fast marching techniques for brain connectivity mapping.
IEEE computer society pres$(1):1076—-1083, 2006.

G. Taylor. Another look at the line intersection prable
1989.



